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The homotopy type of the PL cobordism category. I
Mauricio Go´mez Lo´pez
Abstract
We introduce in this article a bordism category CPLd whose objects are bundles
of closed (d− 1)-dimensional piecewise linear manifolds and whose morphisms are
bundles of d-dimensional piecewise linear cobordisms. CPLd is a simplicial non-unital
category and, in the main theorem of this article, we show that its classifying space
BC
PL
d is weak homotopy equivalent to an infinite loop space. We regard C
PL
d as
the piecewise linear analogue of the category of smooth cobordisms which has been
studied extensively in connection to the Madsen-Weiss Theorem, and the main
result of this paper is a first step towards obtaining Madsen-Weiss type results in
the context of piecewise linear topology.
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1 Introduction
a. Background and statement of the main result
The goal of the present paper and the forthcoming article [Go2] is to prove a piecewise
linear analogue of the following theorem by Galatius, Madsen, Tillmann, and Weiss
[GMTW].
Theorem (Galatius, Madsen, Tillmann, Weiss). There is a weak homotopy equiv-
alence
BCd ≃ Ω
∞−1MTO(d).
In this statement, MTO(d) is the Madsen-Tillmann spectrum, whose N -th space is the
Thom space Th
(
γ⊥d,N
)
of the vector bundle orthogonal to the universal vector bundle
γd,N defined over the Grassmannian Grd(R
N ) of d-dimensional planes in RN . The space
on the left hand side is the classifying space of the smooth cobordism category Cd, which
has recently played a key role in the study of stable phenomena of diffeomorphism groups.
Let us give an outline of the definition of the category Cd (see also [GMTW]). The set of
objects of Cd is defined as follows: let BN denote the set of all (d−1)-dimensional closed
submanifoldsM in RN . The natural inclusion RN →֒ RN+1 induces a map BN →֒ BN+1
and the set of objects ObCd is then defined to be the set of all tuples (M,a) where a ∈ R
and M is an element of the colimit B∞ of the following sequence of maps
· · · →֒ BN →֒ BN+1 →֒ . . . .
A non-identity morphism between two objects (M0, a0) and (M1, a1) is a triple (W,a0, a1),
where W is a d-dimensional compact submanifold of a product [a0, a1]× R
N for which
there is a value ǫ > 0 such that the following holds:
i) W ∩ ([a0, a0 + ǫ)× RN ) = [a0, a0 + ǫ)×M0.
ii) W ∩ ((a1 − ǫ, a1]× RN ) = (a1 − ǫ, a1]×M1.
iii) ∂W =W ∩ ({a0, a1} × R
N).
Two morphisms (W1, a0, a1) and (W2, a1, a2) in Cd are composable if the outgoing bound-
ary of W1 is equal to the incoming boundary of W2. In this case, their composition is
equal to the triple
(W1 ∪W2, a0, a2).
Galatius and Randal-Williams provided in [GRW1] a more elementary proof of the main
theorem from [GMTW] using scanning methods and the spaces of manifolds Ψd(R
N )
defined by Galatius in [Ga]. For a fixed positive integer N , the underlying set of Ψd(R
N )
is the set of all d-dimensional submanifolds of RN which are closed as subspaces. As
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indicated in [Ga], the spaces Ψd(R
N ) form a spectrum Ψd by letting N vary, and the
main result from [GMTW] is obtained in [GRW1] by showing that there are two weak
equivalences
BCd ≃ Ω
∞−1Ψd (1)
Ω∞−1MTO(d)
≃
−→ Ω∞−1Ψd. (2)
In this article, we introduce the d-dimensional PL cobordism category, denoted by CPLd ,
which we consider to be the appropriate piecewise linear analogue of the category of
smooth cobordisms studied in [GMTW] and [GRW1], and our main result gives a piece-
wise linear version of the equivalence (1) given above. More precisely, we have the
following theorem.
Theorem (Go´mez Lo´pez). There is a weak homotopy equivalence
BCPLd
≃
−→ Ω∞−1ΨPLd .
The spectrum ΨPLd that appears in the statement of the main result is a spectrum of
spaces of PL manifolds. The N -th space of this spectrum is the geometric realization
of a simplicial set Ψd(R
N )•, whose role in this article is similar to the one played in
[GRW1] by the space of smooth manifolds Ψd(R
N ). As it is the case with the equiva-
lences indicated in (1) and (2), the superscript ∞− 1 in Ω∞−1ΨPLd indicates that we
are taking the infinite loop space of the suspension of ΨPLd .
In the forthcoming article [Go2], we will introduce the piecewise linear Madsen-Tillmann
spectrum MTPL(d) and show that there is a weak homotopy equivalence
Ω∞−1MTPL(d)
≃
−→ Ω∞−1ΨPLd . (3)
Together with the main theorem of this article, this result would complete the proof of
the piecewise linear analogue of the theorem of Galatius, Madsen, Tillmann, and Weiss.
Moreover, in [Go2] we will also discuss how to apply the equivalence (3) and the methods
of this article to obtain Madsen-Weiss type results for the piecewise linear category.
b. Outline of proof.
Before giving the outline of the proof of the main theorem, let us indicate how Galatius
and Randal-Williams obtain the weak equivalence (1) in [GRW1]. Let Cd(RN ) be the
subcategory of Cd where objects are closed (d − 1)-dimensional submanifolds of RN−1
and morphisms are cobordismsW ⊆ [a0, a1]×RN−1 (see Definition 3.7 in [GRW1]). For
each positive integer N , Galatius and Randal-Williams introduce a filtration
ψd(N, 1) →֒ ψd(N, 2) →֒ . . . →֒ ψd(N,N) = Ψd(R
N )
of the space Ψd(R
N ) and show that for each 1 ≤ k ≤ N − 1 there is a weak homo-
topy equivalence Sk : ψd(N, k)
≃
−→ Ωψd(N, k + 1), which implies that there is a weak
homotopy equivalence
ψd(N, 1)
≃
−→ ΩN−1Ψd(R
N ). (4)
Finally, it is also proven in [GRW1] that there is a weak homotopy equivalence
BCd(R
N ) ≃ ψd(N, 1). (5)
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The weak equivalence (1) is then obtained by combining (4) and (5) and by letting N
go to infinity.
For the proof of this article’s main theorem, we will follow an outline similar to the one
given above. More precisely, we will introduce a filtration
ψd(N, 1)• →֒ ψd(N, 2)• →֒ . . . →֒ ψd(N,N)• = Ψd(R
N )• (6)
similar to the one used in [GRW1] and we will show that there are two weak equivalences
BCPLd (R
N ) ≃ |ψd(N, 1)•| (7)
|ψd(N, 1)•|
≃
−→ ΩN−1|Ψd(R
N )•| (8)
as long as N−d ≥ 3, which suffices to prove the weak equivalence given in the statement
of the main theorem.
We point out that although the strategy of our proof is similar to the one followed in
[GRW1], our methods differ significantly from the ones used in that article, especially
for the proof of the weak equivalence (7). The proof in [GRW1] of the smooth version of
this equivalence is noticeably brief and relies on the following elementary geometric fact:
Fact. Let Mm be an m-dimensional smooth manifold, let W be a smooth (d + m)-
submanifold of M × R × (−1, 1)N−1 such that the projection π : W → M is a smooth
submersion of codimension d, and let λ ∈ M . If a0 ∈ R is a regular value for the
projection x1 : π
−1(λ) → R onto the first component of R × (−1, 1)N−1, then there
exists an open neighborhood U of λ in M such that a0 is a regular value for
x1 : π
−1(α)→ R
for each α ∈ U .
Unfortunately, this fact does not hold in the piecewise linear category and consequently
we cannot follow the strategy of Galatius and Randal-Williams too closely. To fix this,
we define a subsimplicial set of ψd(N, 1)• for which the fiberwise regularity exhibited in
the smooth case does hold. More precisely, in this article we introduce a subsimplicial
set ψRd (N, 1)• of ψd(N, 1)• such that for each simplexW of ψ
R
d (N, 1)• the projection x1 :
W → R has a fiberwise regular value (see Definition 5.2). We then obtain the equivalence
indicated in (7) by showing that ψRd (N, 1)• fits into a chain of weak equivalences
BCPLd (R
N ) ≃ |ψRd (N, 1)•|
  ≃ // |ψd(N, 1)•| (9)
when N − d ≥ 3. Similar fiberwise regularity issues arise in the proof of the weak
equivalence (8), which can also be fixed by applying the techniques used to obtain the
equivalence (7).
This paper is organized as follows. In section §2, we give a very concise introduction to
several concepts and results from piecewise linear topology that we will use throughout
this paper. In particular, we give the definition of regular value for piecewise linear maps,
a notion from piecewise linear topology that might be unfamiliar to most topologists.
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This section also includes a brief discussion about ∆-sets (simplicial sets without de-
generacies), which we’ll need for some of the arguments presented in subsequent sections.
In sections §3 and §4, we study the simplicial set Ψd(RN )•, which we view as a space
of d-dimensional piecewise linear manifolds in RN . Besides giving the definition of
Ψd(R
N )•, in section §3 we also indicate how this simplicial set can be recovered from a
more general contravariant functor Ψd(R
N ) : PLop → Sets and we use this fact to show
that the simplicial set Ψd(R
N )• is Kan. In this section we also introduce the filtration
given in (6) and the spectrumΨPLd which appears in the statement of the main theorem.
In section §4, we work exclusively with the ∆-set Ψ˜d(RN )• obtained from Ψd(RN )• by
forgetting degeneracies. In this section, we will use the functor Ψd(R
N ) : PLop → Sets
to define a map ρ : |Ψ˜d(RN )•| → |Ψ˜d(RN )•| which satisfies the following:
i) ρ is homotopic to the identity map on |Ψ˜d(RN )•|.
ii) For any morphism of ∆-sets f : X• → Ψ˜d(R
N )• and any non-negative integer
r ≥ 0, there is a unique morphism g : sdrX• → Ψ˜d(R
N )• (where sd
rX• is the r-th
barycentric subdivision of X•) which makes the following diagram commutative
|X•|
|f | //
∣∣∣Ψ˜d(RN )•∣∣∣
ρr

|sdrX•|
∼=
OO
|g| //
∣∣∣Ψ˜d(RN )•∣∣∣
In this diagram, the left vertical map is the canonical homeomorphism |sdrX•|
∼=
→
|X•|.
In view of property ii), the map ρ will be called the subdivision map of Ψd(R
N )•.
In section §5 we introduce the piecewise linear cobordism category CPLd , which we de-
fine as a non-unital simplicial category (see §5.2), and we begin the proof of the main
theorem. We define CPLd by first introducing for each positive integerN a non-unital sim-
plicial category CPLd (R
N ), similar in construction to the category Cd(RN ) from [GRW1],
and then defining CPLd as a colimit of the non-unital categories C
PL
d (R
N ). We also intro-
duce the simplicial set ψRd (N, 1)• and prove the equivalence BC
PL
d (R
N ) ≃ |ψRd (N, 1)•|.
In §6, the core section of this paper, we complete the proof of (7) by showing that the
inclusion ψRd (N, 1)• →֒ ψd(N, 1)• is a weak homotopy equivalence when N − d ≥ 3.
The key tool used to prove this result is the Isotopy Extension Theorem of Hudson (see
[Hu2]), which is why we need to assume that N − d ≥ 3.
Finally, in §7, the most technical section of this article, we define the map (8) and prove
that it is indeed a weak homotopy equivalence when N − d ≥ 3. At the end of this
section, we obtain the main result of this paper in Theorem 7.21 by combining the weak
equivalences (7) and (8), and letting N go to infinity.
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2 Preliminaries on piecewise linear topology and sim-
plicial complexes
The material presented in this section can be found in the standard introductions to
piecewise linear topology, such as [Hu1], [RS1], and the reader is encouraged to consult
these references for a more detailed treatment of this subject.
2.1 Basic definitions
The basic building blocks for all the constructions in piecewise linear topology are given
in the following three definitions.
Definition 2.1. A simplex of dimension p (or a p-simplex ) σ in Rn is the convex hull
of a set of p+1 geometrically independent points {v0, . . . , vp} in Rn. That is, each point
x in σ can be expressed uniquely as a linear combination
∑p
i=0 tivi with 0 ≤ ti ≤ 1 for
0 ≤ i ≤ p and
∑p
i=0 ti = 1.
Convention. Throughout this article, the vertices of the standard basis of Rp+1 shall
be denoted by e0, e1, . . . , ep, i.e., we shall label the elements of this basis using the set
{0, . . . , p} instead of {1, . . . , p+ 1}.
The convex hull of the vectors e0, . . . , ep is called the standard geometric p-simplex and
shall be denoted by ∆p.
Definition 2.2. A collectionK of simplices in Rn is called a simplicial complex provided
i) If σ ∈ K and τ < σ (τ is a face of σ), then τ ∈ K.
ii) If σ, τ ∈ K, then σ ∩ τ < σ and σ ∩ τ < τ .
iii) K is locally finite, i.e., given x ∈ K, there is a neighborhood of x in Rn which
meets only finitely many simplices of K.
Definition 2.3. P ⊆ Rn is said to be an Euclidean polyhedron if it is the union of
finitely many simplices σ1, . . . , σp in R
n.
In particular, if K is a finite simplicial complex in Rn, then the union of all the simplices
ofK (usually denoted by |K|) is an Euclidean polyhedron. The polyhedron |K| is usually
called the underlying polyhedron of K. The following proposition, whose proof can be
found in [RS1], tell us that all Euclidean polyhedra are of the form |K| for some simplicial
complex K.
Proposition 2.4. If P is an Euclidean polyhedron in Rn, then there exists a finite
simplicial complex K in Rn such that P = |K|.
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If P = |K|, then we say that K triangulates P . An Euclidean polyhedron P is said to
be of dimension p if for any simplicial complex K such that |K| = P we have that K
has a simplex σ of dimension p but no simplices of dimension greater than p.
A compact subspace Q of an Euclidean polyhedron P is said to be a subpolyhedron of
P if Q is itself an Euclidean polyhedron. The notion of subpolyhedron allows us to
formulate the following definition.
Definition 2.5. A continuous map f : P → Q between two Euclidean polyhedra P and
Q is said to be piecewise linear if the graph Γ(f) ⊆ P ×Q is a subpolyhedron of P ×Q.
Piecewise linear maps also admit the following characterization in terms of simplicial
complexes. The proof can be found in [RS1].
Proposition 2.6. A continuous map f : P → Q is piecewise linear if and only if
there exists simplicial complexes K and L such that |K| = P , |L| = Q and such that
f : |K| → |L| is simplicial.
Using 2.6, we can obtain the following result which describes the image of a pl map.
Proposition 2.7. The image of a pl map f : P → Q is a subpolyhedron of Q.
2.2 Abstract pl spaces and abstract pl maps
In this subsection we introduce the notions of abstract pl space and abstract pl maps.
We state several of their basic properties but without giving many of the proofs, which
can be found in for example [Hu1]. We remark that abstract pl spaces are sometimes
called locally finite complexes elsewhere in the literature, see for example [Wi]. We also
remark that this subsection follows closely the presentation given in §3 of [Hu1].
Definition 2.8. Let X be a topological space.
i) A coordinate map is a tuple (f, P ) with P an Euclidean polyhedron and f : P → X
an embedding, i.e., a homeomorphism onto its image.
ii) Two coordinate maps (f, P ) and (g,Q) are said to be compatible if either f(P ) ∩
g(Q) = ∅ or, if f(P ) ∩ g(Q) 6= ∅, there exists a coordinate map (h,R) such that h(R) =
f(P )∩ g(Q) and f−1 ◦ h, g−1 ◦ h are both piecewise linear in the sense of Definition 2.5.
Definition 2.9. A piecewise linear structure T on a space X is a family of coordinate
maps (f, P ) such that
i) Any two elements of T are compatible.
ii) For every x ∈ X there exists (f, P ) such that f(P ) is a neighborhood of x in X .
iii) T is maximal, i.e., if (f, P ) is compatible with every element of T , then (f, P ) ∈ T .
Definition 2.10. An abstract pl space is a tuple (X, T ) with X a second countable
Hausdorff space and T a piecewise linear structure on X. Furthermore, (X, T ) is said
to be of dimension p if there exists (f0, P0) ∈ T with P0 of dimension p and if for any
other element (f, P ) ∈ T the Euclidean polyhedron P is of dimension at most p.
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A pl space is said to be finite dimensional if it is of dimension p for some non-negative
integer p.
Definition 2.11. A family of coordinate maps B on X satisfying conditions i) and ii)
of Definition 2.9 is called a base for a pl structure on X .
Sometimes it is easier to define a pl structure on a space X by first defining a base for
that pl structure. However, the next proposition, which is proven in [Hu1], tells us that
both kind of structures carry the same amount of information.
Proposition 2.12. Every base B for a piecewise linear structure on a space X is con-
tained in a unique piecewise linear structure T .
The definition of pl map between Euclidean polyhedra given in 2.5 can be used to
formulate a definition of pl map between abstract pl spaces very much in the same way
that smooth coordinate charts are used to formulate the notion of smooth map between
abstract smooth manifolds. More precisely, we have the following definition.
Definition 2.13. Let (X,F) and (Y,G) be abstract pl spaces. A continuous map
h : X → Y is said to be a piecewise linear map if for all (f, P ) ∈ F and all (g,Q) ∈ G we
have that f−1 ◦ h−1 ◦ g(Q) is either empty or R := f−1 ◦ h−1 ◦ g(Q) is a subpolyhedron
of P and, if the latter case holds,
g−1 ◦ h ◦ f : R→ Q
is a piecewise linear map in the sense of Definition 2.5.
The following proposition tells us that abstract pl spaces and pl maps are respectively
the objects and morphisms of a category.
Proposition 2.14. i) For any pl space (X, T ) the identity map IdX : X → X is a
piecewise linear map.
ii) The composition g ◦ f of two pl maps f : X → Y and g : Y → Z is also a piecewise
linear map.
Definition 2.15. The piecewise linear category PL is the category of abstract (finite
dimensional) pl spaces and abstract pl maps.
2.3 Products of pl spaces
Let X and Y be abstract pl spaces. Proposition 2.12 can be used to define a pl structure
on the product X×Y such that, with this pl structure, the universal property of X×Y
in the category of topological spaces also holds in the category PL (see Proposition 2.18
below.)
Proposition 2.16. Let (X, T ) and (Y,S) be abstract pl spaces. The collection of coor-
dinate charts on X × Y given by
B := {(f × g, P ×Q) : (f, P ) ∈ T , (g,Q) ∈ S}
is a base for a pl structure on X × Y .
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Proof. It is straightforward to verify that B satisfies condition ii) of 2.11. In order to
verify condition i), one just needs to use the fact that the product f1 × f2 of two pl
maps fi : Pi → Qi, i = 1, 2, between Euclidean polyhedra is also a pl map in the sense
of Definition 2.5.
Definition 2.17. Let (X, T ) and (Y,S) be abstract pl spaces. The product of X and
Y is the abstract pl space (X × Y, T × S) where T × S is the pl structure induced by
the base defined in Proposition 2.16.
The proof of the following proposition can be found in [Wi] (Lemma 1.2.1, page 4).
Proposition 2.18. Let X,Y1, Y2 be abstract polyhedra and let Pi : Y1 × Y2 → Yi be the
projection onto the i-th factor. Then, a map f : X → Y1 × Y2 is piecewise linear if and
only if P1f and P2f are piecewise linear.
2.4 Piecewise linear subspaces
Definition 2.19. Let (X,F) be a piecewise linear space. If (Y,F ′) is another piecewise
linear space with Y ⊆ X , then (Y,F ′) is called a piecewise linear subspace of (X,F)
provided
1. Y has the subspace topology induced by X , and
2. i : Y → X , i(x) = x, is a piecewise linear map.
If (Y,F ′) is a piecewise linear subspace of (X,F), then we shall usually denote the
piecewise linear structure F ′ on Y by FY .
Remark 2.20. If (Y,FY ) is a piecewise linear subspace of (X,F), then it is easy to
verify that
FY = {(f, P ) ∈ F : f(P ) ⊆ Y }.
Definition 2.21. A piecewise linear map f : (X ′,F ′) → (X,F) is called a piecewise
linear embedding provided that f is a topological embedding and that
(
f(X ′),G
)
is a
piecewise linear subspace of (X,F), where G = {f ◦ g : g ∈ F ′}.
The definition of pl embedding allows us to formulate the definition of manifold in the
PL category.
Definition 2.22. i) A pl space (M,F) is a piecewise linear manifold of dimension m
provided that for each pointm0 ofM there is a piecewise linear embedding h : R
m →M
such that h(Rm) is an open neighborhood of m0 in M .
ii) Let Rm+ denote the set of all points (x1, . . . , xm) in R
m with xm ≥ 0. A pl space
(M,F) is a piecewise linear manifold of dimension m with boundary if for each point
m0 of M there is a piecewise linear embedding h : V →M defined on an open subspace
V of Rm+ such that h(V ) is an open neighborhood of m0 in M .
iii) Let (M,F) be an m-dimensional piecewise linear manifold (with boundary) and
let 0 ≤ n ≤ m. A pl subspace (N,F ′) of (M,F) is an n-dimensional piecewise linear
submanifold (with boundary) of M if (N,F ′) is in itself an n-dimensional piecewise linear
manifold (with boundary).
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Proposition 2.23 below describes conditions under which the union of pl subspaces is
again a pl subspace.
Proposition 2.23. Let {Pj}j∈J be a family of pl subspaces of a pl space (X,F). Let
P :=
⋃
j∈J Pj and suppose that each Pj is an open subspace of P . Then,
⋃
j∈J FPj is a
base for a piecewise linear structure F ′ on P . Furthermore, the inclusion i : (P,F ′) →֒
(X,F) is a piecewise linear map in the sense of Definition 2.13. In particular, F ′ = FP .
Proof. The union
⋃
j∈J FPj clearly satisfies condition i) of Definition 2.11 since all the
charts in this union are just charts that belong to F . On the other hand, since an open
subspace of any Pj is also an open subspace of P , we have that
⋃
j∈J FPj also satisfies
condition ii) of Definition 2.11. Let then F ′ be the piecewise linear structure on P
generated by this base and fix a chart β in F ′. Any chart σ in F is compatible with
the chart β. Indeed, the image of β can be covered with the images of finitely many
charts in
⋃
j∈J FPj , which are all compatible with σ, and by standard techniques of pl
topology (see page 80 in [Hu1]) it follows that σ and β are also compatible. This shows
that the inclusion i : (P,F ′) →֒ (X,F) is a piecewise linear map. In particular, we have
that F ′ = FP .
2.5 Regular values for pl maps
For the definition of the piecewise linear cobordism category we need to introduce the
piecewise linear analogue of the notion of regular value for smooth maps. The following
definition can be found in [Wi].
Definition 2.24. Let f : P → Q be a piecewise linear map. A point q ∈ Q is said to be a
regular value of f if there is an open neighborhood U of q in Q and a pl homeomorphism
h : f−1(q) × U → f−1(U) such that fh = p, where p denotes the natural projection
f−1(q)× U → U onto U .
One of the main results proven in [Wi] is the following theorem, which plays a similar
role in pl topology to the one played by Sard’s Theorem in the smooth category (see
Theorem 1.3.1 in [Wi]).
Theorem 2.25. Let P be a polyhedron and let f : P → ∆p be a pl map. Suppose that
there is a triangulation h : |K| → P of P such that the composition f ◦ h is a simplicial
map. Then, any point λ in Int∆p is a regular value of f .
The following result is a special case of a more general theorem about open neighbor-
hoods in pl manifolds which have the structure of a pl microbundle (see section §4.2 of
[Wi] for the statement of this more general result).
Proposition 2.26. If M ×Rp is a piecewise linear manifold of dimension m+ p, then
M is a piecewise linear manifold of dimension m.
Remark 2.27. Proposition 2.26 is a special case of the lemma stated in Section §4.2
of [Wi] in the sense that we are only considering the case when the neighborhood is
a product of the form M × Rp. The way we are going to apply this proposition is as
follows: suppose we have a pl map f : Mm → ∆p with M an m-dimensional pl manifold
and suppose that h : |K| →M is a triangulation ofM such that the composition f ◦h is
simplicial. Then, by Theorem 2.25, for any point λ in int∆p we have that f−1(λ) has a
neighborhood which is pl homeomorphic to the product f−1(λ)×Rp, and by Proposition
2.26 we will have that f−1(λ) is then a pl submanifold of M of dimension m− p.
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2.6 ∆-sets and simplicial complexes
For several of the arguments that appear in this article, it will be more convenient to
use ∆-sets (or semi-simplicial sets, as they’re sometimes referred to in the literature)
instead of simplicial sets.
In this section we shall only limit ourselves to state the definitions and results of the
theory of ∆-sets that we will use in this article. A more detailed treatment of this ma-
terial can be found in [RS2].
For each non-negative integer p, let [p] denote the set {0, . . . , p} with its obvious linear
order, and let ∆ be the category whose set of objects is equal to {[p] : p ∈ Z≥0} and
where ∆
(
[q], [p]
)
is the set of all non-decreasing functions η : [q]→ [p]. For the definition
of ∆-set, we need to work with the subcategory ∆inj of ∆ defined by
Ob∆inj = Ob∆ ∆inj
(
[q], [p]
)
=
{
[q]
η
→ [p] | η injective
}
.
In particular, ∆inj
(
[q], [p]
)
= ∅ if q > p.
Definition 2.28. A ∆-set X is a contravariant functorX : ∆opinj → Sets. For any object
[p] in ∆inj , the set X
(
[p]
)
shall usually be denoted by Xp. Also, for any morphism δ in
∆inj the function of sets X(δ) shall usually be denoted by δ
∗ and the functor X itself
will be denoted by X•.
For a morphism α : [p] → [q] in ∆inj , let α∗ : ∆p → ∆q be the simplicial map which
sends ej to eα(j). Given a ∆-setX•, we define its geometric realization to be the quotient
space
|X | :=
∞∐
n=0
Xn ×∆
n/ ∼
where ∼ is the equivalence relation generated by the relations
(
x, α∗(λ)
)
∼
(
α∗(x), λ
)
.
Observe that there is an obvious forgetful functor
F : Ssets→ ∆-sets (10)
obtained by sending each simplicial set X : ∆op → Sets to the composite functor
∆opinj →֒ ∆
op X→ Sets and by restricting each morphism X•
f
→ Y• of simplicial sets
to the ∆-set FX•. The geometric realization |FX•| carries just as much homotopical
information as |X•| since, as it is proven in [RS2], the natural map between geometric
realizations
|FX•| → |X•| (11)
is a homotopy equivalence.
In the literature, ∆-sets are sometimes described as a generalization of simplicial com-
plexes. What it is really meant by this is that from any simplicial complex K we can
produce in a natural way, after ordering the vertices of K, a ∆-set K• for which there
is a canonical homeomorphism |K•|
∼=
→ |K|. This construction shall be described in
Remark 2.31. For the definition of K• we shall need the following definition.
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Definition 2.29. Let A be a set. An ordered simplicial complex with vertices in A is a
tuple (K,≤) where K is a subset of P(A) (the power set of A) and ≤ is a relation on A
which satisfy the following conditions:
1. ∅ /∈ K and for every a ∈ A the singleton {a} is in K.
2. Every element σ in K is finite.
3. If σ ∈ K, then any non-empty subset of σ is also in K.
4. For any σ ∈ K, the restriction of ≤ on σ is a linear order. The restriction of ≤ on
σ will be denoted by ≤σ.
Definition 2.30. A tuple (K,≤) is called an ordered Euclidean simplicial complex if K
is a simplicial complex in some Euclidean space and if ≤ is a relation on Vert(K) (the
set of vertices of K) which satisfies condition 4) of Definition 2.29.
Remark 2.31. From an ordered simplicial complex K we can obtain a ∆-set K• by
assigning to [p] the subset of K consisting of all elements of cardinality p + 1 and by
assigning to a morphism [n]
s
→ [m] the function s∗ : Km → Kn which sends an element
a0 ≤ . . . ≤ am of cardinality m + 1 to the element as(0) ≤ . . . ≤ as(n). For example,
if ∆p is the standard geometric p-simplex we can use its canonical simplicial complex
structure and the canonical ordering ≤ on the set of vertices {e0, . . . , ep} to produce a
∆-set ∆p• whose set of k-simplices consists of all strings
ei0 ≤ . . . ≤ eik
of length k + 1.
Finally, it is easy to verify that there is a canonical homeomorphism |K•| → |K| obtained
by applying the universal property of quotient spaces to the map
p∐
j=0
Kj ×∆
j → |K|
which maps a tuple
(
v0 ≤ . . . ≤ vj ,
∑j
i=1 λi · ei
)
to
∑j
i=1 λi · vi.
3 Spaces of PL manifolds
3.1 Piecewise linear submersions
In this section we introduce the simplicial set Ψd(R
N )• which should be interpreted
as the piecewise linear analogue of the space of smooth manifolds defined by Galatius
in [Ga]. The key concept from piecewise linear topology which we are going to use to
define Ψd(R
N )• is that of a piecewise linear submersion, a concept which is usually not
discussed in most introductory texts on piecewise linear topology.
Definition 3.1. i) A piecewise linear map π : E → P is a piecewise linear submersion
if for each x ∈ E there is a piecewise linear space U , an open neighborhood V of π(x) in
P , and an open piecewise linear embedding h : V ×U → E onto an open neighborhood
of x in E such that π ◦ f is equal to the projection pr1 : V × U → V .
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ii) π : E → P is said to be a piecewise linear submersion of codimension d ∈ N if in the
previous definition we can take U to be equal to Rd and h(π(x), 0) = x, where 0 is the
origin in Rd. In particular, each fiber of π is a d-dimensional piecewise linear manifold.
If π : E → P is a piecewise linear submersion and if x is in E, then any embed-
ding h : V × U → E onto an open neighborhood of x such that pr1 = π ◦ h will be
called a submersion chart around x. Furthermore, we say that h is a normalized product
chart around x if in addition we have that U is an open neighborhood of x in the fiber
π−1(π(x)) and h(π(x), y) = y for all y ∈ U .
The proof of the following useful result about piecewise linear submersions can be found
in [Bu].
Proposition 3.2. Let P be a pl manifold, π :W → P a piecewise linear submersion of
codimension d ∈ N, λ ∈ P , and C1 and C2 compact subspaces of π−1(λ). Let U1, U2 be
open neighborhoods of C1 and C2 in π
−1(λ), let V be an open neighborhood of λ in P ,
and let f1 : V × U1 → W and f2 : V × U2 → W be normalized product charts. Then,
after possibly shrinking the neighborhood V of λ, there exists a normalized product chart
f : V × U → W with U an open neighborhood of C1 ∪ C2 in π−1(λ). Furthermore, we
can choose f so that f = f1 on V × C1 and f = f2 on V × (C2 − U1).
The following result is the key tool we are going to use to define the structure maps of
the simplicial set Ψd(R
N )•.
Proposition 3.3. Let f : P → Q be a piecewise linear map. If W ⊆ Q×RN is a closed
subpolyhedron of Q × RN such that the projection π : W → Q defined by π(q, x) = q is
a piecewise linear submersion of codimension d, then
f∗W = {(p, x) ∈ P × RN : (f(p), x) ∈ W}
is a closed subpolyhedron of P × RN and the projection π˜ : f∗W → P , π˜(p, x) = p, is
also a piecewise linear submersion of codimension d.
Proof. Observe first that the product P ×W is a closed subpolyhedron of P ×Q×RN
and that the product IdP × π is a piecewise linear submersion of codimension d. Also,
since the map f is piecewise linear we have that the graph Γ(f) of f is a subpolyhedron
of P × Q. The pre-image
(
IdP × π
)−1
(Γ(f)) is a closed subpolyhedron of Γ(f) × RN
since it is equal to the intersection (P ×W )∩ (Γ(f)×RN ), and the restriction of IdP ×π
on
(
IdP ×π
)−1
(Γ(f)), which we shall denote by π′, is also a piecewise linear submersion
of codimension d. Indeed, for any x in
(
IdP × π
)−1
(Γ(f)) and any submersion chart
h : V × Rd → P × W for IdP × π around x we have that the restriction of h on
(Γ(f) ∩ V ) × Rd is a submersion chart for π′ around x. Let g : Γ(f) → P be the
piecewise linear map which sends (p, f(p)) to p and let G : Γ(f) × RN → P × RN be
equal to the product g × IdRN . Since the map G is a piecewise linear homeomorphism,
the image of
(
IdP × π
)−1
(Γ(f)) under G is a closed subpolyhedron of P × RN . It is
easy to verify that this image is equal to the subspace f∗W given in the statement of
this proposition and that the map π˜ : f∗W → P given by π˜(p, x) = p is equal to the
composition g ◦ π′ ◦
(
G−1|f∗W
)
. Finally, since both g and G−1|f∗W are piecewise linear
homeomorphisms, we have that π˜ is a piecewise linear submersion of codimension d.
Definition 3.4. The closed subpolyhedron f∗W of P × RN obtained in the previous
proposition shall be called the pull back of W along f .
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The following result tells us that this pull back construction respects compositions of
piecewise linear maps.
Proposition 3.5. Let M,N and P be polyhedra and let W be a closed subpolyhedron of
M ×RN such that the natural projection πM :W →M is a piecewise linear submersion
of codimension d. If f : N → M and g : P → N are piecewise linear maps, then
(f ◦ g)∗W = g∗f∗W .
Proof. This lemma follows from the following equalities
(f ◦ g)∗W = {(p, x) ∈ P × RN : (f ◦ g(p), x) ∈W} =
{(p, x) ∈ P × RN : (g(p), x) ∈ f∗W} = g∗f∗W.
The argument used to prove 3.3 can be used as a template to prove the following result.
Lemma 3.6. Let P,M be polyhedra and let h : P×M → P×M be a pl homeomorphism
which commutes with the projection onto P . If f : Q→ P is any pl map, then the map
g : Q ×M → Q ×M defined by g(q,m) =
(
q, hf(q)(m)
)
is a pl homeomorphism which
commutes with the projection onto Q.
Proof. As we said before, the method of this proof is somewhat similar to the one given
in Proposition 3.3. Consider first the product of maps IdQ×h : Q×P×M → Q×P×M .
The graph Γ(f) of the pl map f is a subpolyhedron of the product Q × P and hence
we can restrict the map IdQ × h on the subpolyhedron Γ(f) ×M . Let us denote this
restriction by g′. Observe also that the map r : Q → Γ(f) which sends q to the tuple
(q, f(q)) is a piecewise linear homeomorphism and that the map g : Q ×M → Q ×M
given in the statement of this proposition is equal to the following composite
(r × IdM )
−1 ◦ g′ ◦ (r × IdM )
which clearly is a piecewise linear homeomorphism which commutes with the projection
onto Q.
An argument similar to the one given in the previous proof can be used to prove the
following.
Lemma 3.7. Let P,M,N be polyhedra and let h : P ×N → P ×M be a pl embedding
which commutes with the projection onto P . If f : Q→ P is any pl map, then the map
g : Q×N → Q×M defined by g(q, n) =
(
q, hf(q)(n)
)
is a pl embedding which commutes
with the projection onto Q.
We can also adapt the method of the proof of Proposition 3.3 to prove the following
result about open pl embeddings.
Proposition 3.8. Let F : P × RN → P × RN be an open piecewise linear embedding
which commutes with the projection onto P and let g : Q → P be a piecewise linear
map. Then, the map G : Q × RN → Q × RN which sends (q, x) to (q, Ff(q)(x)) is an
open piecewise linear embedding which commutes with the projection onto Q.
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Proof. Consider first the piecewise linear map IdQ×F : Q×P×RN → Q×P×RN . This
map is an open pl embedding which commutes with the projection onto Q × P and by
pre-composing this map with the obvious inclusion Γ(f)×RN →֒ Q×P ×RN we obtain
an open piecewise linear embedding H : Γ(f)×RN → Γ(f)×RN which commutes with
the projection onto Γ(f). Since the map G : Q×RN → Q×RN given in the statement
of this proposition is equal to the composite
h−1 ◦H ◦ h : Q× RN → Q× RN ,
with h : Q×RN → Γ(f)×RN the obvious pl homeomorphism from Q×RN to Γ(f)×RN ,
we have that G is an open pl embedding over Q.
3.2 The space of manifolds Ψd(R
N)•
We are now ready to introduce the piecewise linear version of the space of smooth
manifolds discussed in [Ga] and [GRW1].
Definition 3.9. For each positive integer p, define Ψd(R
N )p to be the set of all closed
subpolyhedraW of the product ∆p×RN for which the natural projection π : W → ∆p is
a piecewise linear submersion of codimension d. We define Ψd(R
N )• to be the simplicial
set which sends the object [p] of ∆ to the set Ψd(R
N )p and which sends a morphism
η : [p]→ [q] to the function
η∗ : Ψd(R
N )q → Ψd(R
N )p
which maps an element W ⊆ ∆q ×RN of Ψd(RN )q to its pull back (η∗)∗W ⊆ ∆p ×RN
along the simplicial map η∗ : ∆
p → ∆q induced by the morphism η : [p] → [q] (see
Proposition 3.3).
From now on, the image (η∗)
∗W of a p-simplex W under a structure map η∗ shall
be denoted simply by η∗W . By Lemma 3.5 we have that (δη)∗ = η∗δ∗ for any pair
of composable morphisms η and δ in the category ∆. Therefore, the above definition
indeed gives us a contravariant functor Ψd(R
N ) : ∆op → Sets.
Remark 3.10. (The base point of |Ψd(RN )•|) We point out to the reader that in
Definition 3.9 we also include the empty manifold ∅p ⊆ ∆
p×RN in the set of p-simplices
of Ψd(R
N )•. For each morphism η : [q] → [p] in the category ∆, the corresponding
structure map η∗ sends ∅p to ∅q. It follows that the collection of empty simplices ∅p
forms a subsimplicial set of Ψd(R
N )•, which we will denote by ∅•. Unless it is otherwise
stated, the geometric realization of ∅• will be the preferred base point for the space
|Ψd(RN )•|. Also, from now on we shall usually denote the empty p-simplex ∅p simply
by ∅ unless there is any possibility for confusion.
Observe that for any elementW of Ψd(R
N )p the fiber over a point λ in ∆
p of the natural
projection π : W → ∆p is a d-dimensional piecewise linear submanifold of {λ} × RN
which is closed as a subspace. Thus, a p-simplexW of Ψd(R
N )• can be viewed as a fam-
ily of d-dimensional piecewise linear submanifolds of RN , which are closed as subspaces,
parametrized piecewise linearly by the base space ∆p.
For the proof of the main theorem of this article, we shall also need to introduce the
following subsimplicial sets of Ψd(R
N )•.
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Definition 3.11. ψd(N, k)•, 0 ≤ k ≤ N , is the subsimplicial set of Ψd(RN )• given by
ψd(N, k)p = {W ∈ Ψd(R
N )p : W ⊆ ∆
p × Rk × (−1, 1)N−k}.
In particular, we have that Ψd(R
N )• = ψd(N,N)•.
Note. For a p-simplex W of ψd(N, 0)•, the compactness of the polyhedron W implies
that the projection π : W → ∆p is a locally trivial PL-bundle (see Definition III.1.2
in [Bu]) whose fibers are piecewise linear manifolds of dimension d. Moreover, by the
contractability of ∆p we have that π :W → ∆p is a trivial bundle.
In the definition of the simplicial set Ψd(R
N )• we applied Proposition 3.3 to very specific
kinds of polyhedra and pl maps, namely, the standard geometric simplices ∆p and
simplicial maps ∆q → ∆p which preserve the canonical ordering on the set of vertices.
However, this proposition applies to all polyhedra and all pl maps, and we can therefore
apply 3.3 to define the following more general kind of functor on the category PL.
Definition 3.12. For a polyhedron P and an integer 0 ≤ k ≤ N , let ψd(N, k)
(
P
)
be the
set of all closed subpolyhedra W of P ×RN which are contained in P ×Rk× (−1, 1)N−k
and for which the natural projection π : W → P is a piecewise linear submersion of
codimension d. Define
ψd(N, k) : PL
op −→ Sets (12)
to be the contravariant functor which sends a polyhedron P to the set ψd(N, k)
(
P
)
, and
which sends a pl map f : P → Q to the pull back along f
ψd(N, k)
(
f
)
: ψd(N, k)
(
Q
) f∗
−→ ψd(N, k)
(
P
)
,
i.e., the function which maps W to f∗W .
Applying again Proposition 3.5, we have that (12) is indeed a contravariant functor.
Also, observe that the set of p-simplices ψd(N, k)p of the simplicial set defined in 3.11
is equal to
ψd(N, k)
(
∆p
)
.
Furthermore, the structure map η∗ : ψd(N, k)q → ψd(N, k)p induced by the morphism
η : [p]→ [q] is equal to
ψd(N, k)
(
η∗ : ∆
p → ∆q
)
.
Therefore, ψd(N, k)• can be completely recovered from the functor (12).
Notation. For an element W ∈ Ψd(RN )(P ) and a point λ ∈ P , we shall typically
denote the fiber of the projection π :W → P over λ by Wλ.
In many of the arguments that follow we shall also make use of the following terminology.
Definition 3.13. Let P be a polyhedron. Two elements W0 and W1 of ψd(N, k)
(
P
)
are said to be concordant if there is an element W˜ of ψd(N, k)
(
[0, 1] × P
)
such that
i∗0W˜ = W0 and i
∗
1W˜ = W1, where for j = 0, 1 we have that ij : P →֒ [0, 1] × P is
the inclusion defined by λ 7→ (j, λ). An element W˜ in ψd(N, k)
(
[0, 1] × P
)
such that
i∗jW˜ =Wj for j = 0, 1 is said to be a concordance between W0 and W1.
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3.3 Properties of Ψd(R
N)•
Proposition 3.14 below tells us that the simplicial set Ψd(R
N )• is a kind of moduli space
of piecewise linear manifolds in the sense that, for any polyhedron P , Ψd(R
N )• classifies
all the elements of the set Ψd(R
N )
(
P
)
.
Let (K,≤) be an ordered simplicial complex in some Euclidean space Rm. Recall that
a p-simplex of the simplicial set K• induced by (K,≤) is an order preserving function
[p] → Vert(K) such that the vertices in its image span a simplex of K. Equivalently,
a p-simplex of K• is a non-decreasing sequence v0 ≤ . . . ≤ vp of vertices, possibly
with repetitions, which span a simplex. For the statement of Proposition 3.14 we shall
make use of the following convention: if v0, . . . , vp is a collection of p + 1 points in R
m
and if e0, . . . , ep are the elements of the standard basis of R
p+1, then we denote by
sv0...vp : ∆
p → Rm the linear map defined by ej 7→ vj .
Proposition 3.14. Let (K,≤) be an ordered simplicial complex in some Euclidean space
R
m and let K• be the simplicial set induced by (K,≤). Then, the function of sets
SK : Ψd(R
N )
(
|K|
)
→ Ssets(K•,Ψd(R
N )•)
which sends an element W ⊆ |K| × RN of Ψd(RN )(|K|) to the simplicial set map
fW : K• → Ψd(R
N )• defined by fW (v0 ≤ . . . ≤ vp) = s
∗
v0...vp
W is a bijection.
That SK(W ) = fW is a morphism of simplicial sets follows from the fact that for any
q-simplex v0 ≤ . . . ≤ vq of K• and any morphism η : [p]→ [q] in the category ∆ we have
that
svη(0)...vη(p) = sv0...vqη∗ (13)
where η∗ : ∆
p → ∆q is the simplicial map induced by η : [p] → [q]. By pulling back W
along both sides of (13) we obtain
s∗vη(0)...vη(p)W =
(
η∗
)∗
s∗v0...vqW,
which can be rewritten as
fW
(
η∗(v0 ≤ . . . ≤ vq)
)
= η∗fW (v0 ≤ . . . ≤ vq).
Thus, we have that fW is indeed a morphism of simplicial sets.
Definition 3.15. Let K be an ordered simplicial complex in some Euclidean space Rm
and let SK be the function defined in Proposition 3.14. Then, for any element W in
Ψd(R
N )
(
|K|
)
, we say that the morphism of simplicial sets h• := SK(W ) classifies the
element W .
We will prove Proposition 3.14 by producing an inverse TK for the function SK . To this
end, we will show that a simplicial set map g : K• → Ψd(RN )• carries the instructions
to build an element of Ψd(R
N )
(
|K|
)
. This will be done in the following series of lemmas.
Note 3.16. For the proof of 3.14, we shall make use of the following notation: if
W ⊆ P ×RN is an element of Ψd(RN )
(
P
)
and if S is a subpolyhedron of P , we denote
byWS the pre-image π
−1(S), where π is the projection fromW onto P . Also, we denote
by πS the restriction of the map π on WS . In particular, WS ∈ Ψd(RN )
(
S
)
.
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Lemma 3.17. Let
H+ := {(x1, . . . , xp) : xp ≥ 0}
be the closed half space in Rp, let W be an element in Ψd(R
N )
(
H+
)
, let λ0 and y0 be
points in ∂H+ and π
−1(λ0) respectively, and let f : V ×Rd →W and g : U×Rd →W∂H+
be submersion charts around y0 for π and π∂H+ respectively such that Img ⊆ Imf and
such that U × [0, δ) ⊆ V for a suitable value 0 < δ. Then, there exists a submersion
chart g′ : U × [0, δ)× Rd →W around y0 for π such that Img′ ⊆ Imf and g′|U×Rd = g.
Proof. Let h : U × Rd → U × Rd denote the composite
U × Rd
g // Img
f−1 // U × Rd ,
where the second map is just the restriction of f−1 on Img. Since both maps in this com-
position are piecewise linear embeddings, then h is also a piecewise linear embedding.
Furthermore, we also have that the image of h is open in U×Rd. Indeed, Img is an open
subset of Imf ∩W∂H+ , and since the restriction of f
−1 on Imf ∩W∂H+ is a pl homeo-
morphism between Imf ∩W∂H+ and (V ∩ ∂H+)×R
d, we have that Imh = f−1(Img) is
open in (V ∩ ∂H+)×Rd. However, since the image of h lies entirely in U ×Rd, we also
have that Imh is open in U × Rd. This observation will be useful when we prove that
the image of the chart g′ which extends g is open.
Let h˜ : U × [0, δ)×Rd → U × [0, δ)×Rd be the piecewise linear embedding which maps
(u, t, x) to
(
u, t, h2(u, x)
)
, where h2 is the second component of the map h : U × Rd →
U ×Rd, and let g′ : U × [0, δ)×Rd →W be the following composite of piecewise linear
embeddings
g′ = f ◦ h˜.
It is easy to verify that g′(λ0, 0, 0) = y0 and that the diagram
U × [0, δ)× Rd
g′ //
pr1

W
π

U × [0, δ) 
 // H+
commutes. In this diagram, the bottom map is just the obvious inclusion U × [0, δ) →֒
H+. Furthermore, since the image of the map h is open, it follows that the image of h˜
is also open, which then implies that the image Img′ is open in W . Thus, we have that
g′ is a submersion chart for π around y0.
Finally, we also have that g′ extends g since for any point (u, 0, x) in U × {0} × Rd we
have the following:
g′(u, 0, x) = f ◦ h˜(u, 0, x)
= f(u, 0, h2(u, x))
= f(h(u, x))
= g(u, x).
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Lemma 3.18. Let K be a finite simplicial complex in Rm, let W be a closed sub-
polyhedron of |K|×RN , and let K be the poset of simplices of K. If F : K → Top is the
functor which sends σ to Wσ := W ∩
(
σ × RN
)
and which sends the unique morphism
β → σ to the inclusion Wβ →֒ Wσ whenever β ≤ σ, then the map f : colimK F → W
obtained by the universal property of colimits is a homeomorphism.
Proof. By the definition of colimit there is for each σ ∈ K a unique map hσ : Wσ →
colimK F such that the inclusion Wσ →֒ W is equal to the composite f ◦ hσ. The result
now follows from the fact that the map g : W → colimK F defined by g(x) = hσ(x) if
x ∈Wσ is a continuous inverse for f .
For the statement of Lemma 3.19, we are going to need the following basic construction
involving simplicial complexes: let a0 be a point in an Euclidean space R
m. A p-simplex
β in Rm is said to be in general position with respect to a0 if the set of points
Vert(β) ∪ {a0}
spans a (p + 1)-simplex. In this case, the (p + 1)-simplex spanned by Vert(β) ∪ {a0}
is called the join of β and a0, usually denoted by a0 ∗ β. More generally, a simplicial
complex L in Rm is said to be in general position with the respect to a0 if each simplex
β of L is in general position with respect to a0 and, in this case, we define the join of L
and a0 to be the simplicial complex a0 ∗ L in Rm which consists of the following set of
simplices
L ∪ {a0} ∪
{
a0 ∗ β : β ∈ L
}
.
Lemma 3.19. Let K be a finite simplicial complex in Rm of the form a0 ∗ L, let W
be a closed subpolyhedron of |K| × RN , and let π : W → |K| be the projection from
W onto |K|. Suppose that for each simplex σ of K the projection πσ : Wσ → σ is a
piecewise linear submersion of codimension d. Then, the projection π : W → |K| is a pl
submersion of codimension d on a neighborhood of π−1(a0).
Proof. Let q be the dimension of the simplicial complex K and let us fix a point y0 in
the fiber π−1(a0). For each skeleton K
i of K, let π|Ki| :W|Ki| → |K
i| be the restriction
of π on W|Ki|. The idea of the proof is to define, by induction on the dimension of the
skeleta Ki, open pl embeddings hi : Ui × Rd → W|Ki| such that hi
(
(a0, 0)
)
= y0 and
such that the following diagram is commutative
Ui × Rd
hi //
pr1

W|Ki|
π|Ki|

Ui
  // |Ki|.
Let then σ1, . . . , σp be the 1-simplices of K which contain the vertex a0 and, for i =
1, . . . , p, let fi : U˜i×Rd → Wσi be a submersion chart around y0 ∈ π
−1
σi
(a0) for πσi . We
can assume that each U˜i doesn’t intersect the link lk(a0,K
1). Observe that (
⋂p
i=1 Imfi)∩
π−1(a0) is an open neighborhood of y0 in π
−1(a0) = Wa0 . Hence, since Wa0 is a d-
dimensional piecewise linear manifold, we can find a piecewise linear embedding g0 :
R
d → Wa0 with open image such that g0(0) = y0 and Img0 ⊆
⋂p
i=1 Imfi. By Lemma
3.17, there is for each i = 1, . . . , p a submersion chart
g′i : V
′
i × R
d →Wσi
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for πσi around y0 such that Img
′
i ⊆ Imfi and such that g
′
i extends g. Let Vi be a
compact neighborhood of a0 in σi contained in intV
′
i and consider the restriction of g
′
i
on Vi × [−1, 1]d. By abuse of notation, we will denote this restriction simply by g′i. We
now define a piecewise linear map
g1 :
( p⋃
i=1
Vi
)
× [−1, 1]d →W|K1|
by setting g1(λ, x) = g
′
i(λ, x) if (λ, x) is in Vi × [−1, 1]
d. Observe that this map is
well defined since for each g′i we have g
′
i|{a0}×[−1,1]d = g0|[−1,1]d after we identify {a0}×
[−1, 1]d with [−1, 1]d, and since each g′i is a submersion chart we have both that g1(a, 0) =
y0 and that the diagram (⋃p
i=1 Vi
)
× [−1, 1]d
pr1

g1 // W|K1|
π|K1|
⋃p
i=1 Vi
  // |K1|
is commutative. Finally, let us denote the union
⋃p
i=1 intσiVi by U1 and let us now
show that the image g1(U1× (−1, 1)d) is open in W|K1|. Observe that each g
′
i
(
intσiVi ×
(−1, 1)d
)
is open in Wσi and since g1(U1 × (−1, 1)
d) ∩Wσi = g
′
i
(
intσiVi × (−1, 1)
d
)
, we
have by Lemma 3.18 that Img1 is open in W|K1|. Thus, after identifying (−1, 1)
d with
R
d, we obtain a submersion chart h1 : U1 × Rd → W|K1| around y0 for the projection
π|K1|.
Suppose now that we have a submersion chart hn : Un × Rd → W|Kn| for π|Kn| around
y0 ∈ π
−1
|Kn|(a0). We can assume that Un doesn’t intersect the link lk(a0,K
n). Let
σ1, . . . , σp be the n+1-simplices of K which contain a0. Observe that the restriction of
hn on (Un ∩ ∂σi) × Rd is a submersion chart for π∂σi : W∂σi → ∂σi around y0. Now,
for each one of the n + 1-simplices σi pick a submersion chart fi : U˜i × Rd → Wσi
for πσi around y0. After possibly shrinking Un and rescaling R
d, we can assume that
hn((Un∩∂σi)×Rd) ⊆ Imfi for all i = 1, . . . , p. Applying again Lemma 3.17 we can find
a submersion chart g′i : V
′
i × R
d → Wσi for πσi around y0 such that Img
′
i ⊆ Imfi and
such that g′i extends the restriction of hn on (Un ∩∂σi)×R
d. As we did in the first step
of the induction argument, we can take smaller compact neighborhoods Vi ⊂ intσiV
′
i of
a0, restrict each g
′
i on intσiVi × (−1, 1)
d, and glue all of these restrictions together to
obtain a piecewise linear embedding gn+1 : Un+1 × (−1, 1)d → W|Kn+1|, with Un+1 =⋃p
i=1 intσiVi, which commutes with the projection onto Un+1 and whose image is open
in W|Kn+1|. By pre-composing gn+1 with a pl homeomorphism
Un+1 × R
d → Un+1 × (−1, 1)
d
which commutes with the projection onto Un+1 and which is the identity on the zero
section Un+1 × {0}, we obtain a submersion chart hn+1 for π|Kn+1| around y0. Since
the simplicial complex K is finite, we can conclude that there exists a submersion chart
h : U × Rd → π−1(U) for π : W → |K| around y0.
We remark that in the previous proof we can assume that the open neighborhood U of
a0 in |K| is contained in the open set |K| − |L|. This observation will be used in the
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following lemma.
Lemma 3.20. Let K be a simplicial complex in Rm and letW be a closed sub-polyhedron
of |K| × RN such that for each simplex σ of K the projection map πσ : Wσ → σ is a
piecewise linear submersion of codimension d. Then, the projection map π : W → |K|
is also a piecewise linear submersion of codimension d.
Proof. Let y0 be any point in the polyhedron W and let a0 = π(y0). Let K
′ be a
subdivision of K which has a0 as a vertex. In particular, we have that |K ′| = |K|. By
Proposition 3.3, we have that for each simplex σ of K ′ the projection πσ :Wσ → σ is a
piecewise linear submersion of codimension d. Let lk(a0,K
′) be the link of a0 in K
′ and
let st(a0,K
′) be the star of a0 in K
′. Observe that st(a0,K
′) = lk(a0,K
′) ∗ a0 and that
st(a0,K
′)−lk(a0,K
′) is an open neighborhood of a0 in |K
′|. Applying Lemma 3.19 to the
projection πst(a0,K′) :Wst(a0,K′) → st(a0,K
′), we obtain a submersion chart h : U×Rd →
Wst(a0,K′) for πst(a0,K′) around y0. However, by the remark preceding this proof, the
open subspace U of st(a0,K
′) can be taken to be contained in st(a0,K
′) − lk(a0,K ′).
Thus, we have that h is actually a submersion chart for π : W → |K| around y0. Since
this argument can be done for any y0 ∈ W , we can conclude that π : W → |K| is a
piecewise linear submersion of codimension d.
Let (K,≤) be an ordered simplicial complex in Rm and let K• be the simplicial set
induced by (K,≤). We will now explain how to obtain an element in Ψd(RN )
(
|K|
)
from an element in Ssets(K•,Ψd(R
N )•). Let then g : K• → Ψd(R
N )• be a morphism
of simplicial sets. Recall that if v0, . . . , vp is a collection of p + 1 points in R
m and
if {e0, . . . , ep} is the standard basis of Rp+1, then sv0...vp : ∆
p → σ is the linear map
which sends ej to vj . If the points v0, . . . , vp are in general position, i.e., if they span
a (p+ 1)-simplex, then the simplicial map sv0...vp is a homeomorphism from ∆
p to the
p-simplex σ spanned by v0, . . . , vp. In this case, the inverse of sv0...vp shall be denoted
by tv0...vp . For each simplex v0 ≤ . . . ≤ vj of K•, denote by W
v0≤...≤vj the underlying
polyhedron of the simplex g(v0 ≤ . . . ≤ vj) in Ψd(RN )• . Finally, let W be the following
union of subspaces of |K| × RN
W :=
k⋃
j=0
( ⋃
v0≤...≤vj
t∗v0...vjW
v0≤...≤vj
)
. (14)
In this expression, k is the dimension of K. Furthermore, for each j in {0, . . . , k}, the
union inside the parentheses ranges over all non-degenerate simplices of degree j of K•.
The following is the key step in defining the inverse TK of the function SK .
Lemma 3.21. The subspace W of |K| ×RN defined in (14) is a closed sub-polyhedron
of |K| × RN and the natural projection π : W → |K| from W onto |K| is a piecewise
linear submersion of codimension d. In particular, W ∈ Ψd(RN )
(
|K|
)
.
Proof. Recall that we are denoting by WS the pre-image π
−1(S) of a sub-polyhedron S
of |K| under the projection π :W → |K|. For each non-degenerate simplex v0 ≤ . . . ≤ vp
of K•, let 〈v0, . . . , vp〉 denote the simplex of K spanned by the points v0, . . . , vp. We
begin this proof by observing that for each non-degenerate simplex v0 ≤ . . . ≤ vp of K•
we have
W〈v0,...,vp〉 = t
∗
v0...vp
W v0≤...≤vp .
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Indeed, if w′0 ≤ . . . ≤ w
′
q and w0 ≤ . . . ≤ wp are non-degenerate simplices ofK• such that
w′0 ≤ . . . ≤ w
′
q is a face of w0 ≤ . . . ≤ wp, and if i : 〈w
′
0 ≤ . . . ≤ w
′
q〉 →֒ 〈w0 ≤ . . . ≤ wp〉
is the obvious inclusion, then we have that t∗
w′0...w
′
q
Ww
′
0≤...≤w
′
q = i∗t∗w0...wpW
w0≤...≤wp .
It follows that W〈v0,...,vp〉 = t
∗
v0...vp
W v0≤...≤vp for each non-degenerate simplex v0 ≤
. . . ≤ vp. Since W〈v0,...,vp〉 is a closed subpolyhedron of |K| × R
N for each simplex
〈v0, . . . , vp〉 of K, we have that the union (14) is a closed subpolyhedron of |K| × RN
since {t∗v0...vpW
v0≤...≤vp}v0...vp∈Λ, where Λ is the set of non-degenerate simplices of K•,
is a locally finite collection of closed subpolyhedra of |K|×RN . Finally, by Lemma 3.19
we have that the projection π :W → |K| is a piecewise linear submersion of codimension
d and we conclude that W ∈ Ψd(RN )
(
|K|
)
.
The element W in Ψd(R
N )
(
|K|
)
obtained from the morphism g : K• → Ψd(RN )• in the
previous lemma shall be denoted by W g. We shall use this notation in the following
proof.
Proof of Proposition 3.14: Let (K,≤) be an ordered simplicial complex in Rm and
letK• be the simplicial set induced by (K,≤). For a morphism g ∈ Ssets(K•,Ψd(RN )•)
and for a simplex σ of K•, we will in this proof denote by W
g(σ) the underlying poly-
hedron of the simplex g(σ).
Let
TK : Ssets(K•,Ψd(R
N )•)→ Ψd(R
N )(|K|)
be the function which sends a morphism g : K• → Ψd(RN )• of simplicial sets to the
elementW g of Ψd(R
N )(|K|) defined in Lemma 3.21. We will show that SK is a bijection
by showing that SK and TK are inverses of each other. We start by showing that the
composite SK ◦ TK is the identity on Ssets(K•,Ψd(RN )•). Pick then any morphism
g : K• → Ψd(RN )• and any simplex σ = v0 ≤ . . . ≤ vp of K•. In order to show that
fWg(v0 ≤ . . . ≤ vp) = g(v0 ≤ . . . ≤ vp), we first observe that there is a non-degenerate
simplex β = w0 ≤ . . . ≤ wq and a morphism η : [p] → [q] such that η∗β = σ. By
the definition of W g given in Lemma 3.21, we have for the non-degenerate simplex
β = w0 ≤ . . . ≤ wq that
fWg (w0 ≤ . . . ≤ wq) = s
∗
w0...wq
W g = s∗w0...wq t
∗
w0...wq
W g(w0≤...≤wq).
But since sw0...wq and tw0...wq are inverses of each other, we have that fWg (w0 ≤ . . . ≤
wq) = W
g(w0≤...≤wq) = g(w0 ≤ . . . ≤ wq), and since both g and fWg commute with η∗
we conclude that
g(v0 ≤ . . . ≤ vp) = fWg (v0 ≤ . . . ≤ vp).
This shows that the composite SK ◦ TK is the identity on Ssets(K•,Ψd(RN )•).
Let us now show that the composite TK ◦ SK is the identity on Ψd(RN )(|K|). For any
W in Ψd(R
N )(|K|), we have that W and W fW can be expressed respectively as
W =
⋃
σ∈K
Wσ
and
W fW =
⋃
σ∈K
W fWσ .
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As it was observed in the proof of Lemma 3.21, we have for each simplex σ = 〈v0 ≤
. . . ≤ vp〉 of K that the subpolyhedron W fWσ is equal to t
∗
v0...vp
W fW (σ), which in turn
is equal to t∗v0...vps
∗
v0...vp
Wσ. Since tv0...vp and sv0...vp are inverses of each other, we
obtain that W = W fW , and we can therefore conclude that TK ◦ SK is the identity on
Ψd(R
N )
(
|K|
)
.
Using propositions 3.14 and 3.3, we can prove that Ψd(R
N )• satisfies the following
fundamental property.
Theorem 3.22. Ψd(R
N )• is a Kan simplicial set.
Proof. Let Λpj be the j-th horn of ∆
p, let Λpj• be the simplicial set obtained from Λ
p
j
using the natural order relation on Vert(Λpj ), and let g : Λ
p
j• → Ψd(R
N )• be a morphism
of simplicial sets. We need to show that g can be extended to ∆p•. The inclusion
i : Λpj →֒ ∆
p is actually an inclusion of ordered simplicial complexes, and using this fact
it is easy to verify that the following diagram is commutative
Ψd(R
N )
(
∆p
) S∆p//
i∗

Ssets(∆p•,Ψd(R
N )•)
−◦i

Ψd(R
N )
(
Λpj
) SΛpj// Ssets(Λpj•,Ψd(RN )•).
Since SΛpj is surjective, we can findW in Ψd(R
N )
(
Λpj
)
such that SΛpj (W ) = g. Therefore,
by the commutativity of the above diagram, it suffices to find a lift ofW in Ψd(R
N )
(
∆p
)
in order to find a lift of g in Ssets(∆p•,Ψd(R
N )•). But if r : ∆
p → Λpj is any pl retraction
onto Λpj , then the pull back r
∗W is a lift for W and consequently f := S∆p(r∗W ) is a
lift for g.
Remark 3.23. We remark that the argument used to prove Proposition 3.14 also works
to prove the exact same result for each subsimplicial set ψd(N, k)• of Ψd(R
N )• defined
in 3.11. In particular, each ψd(N, k)• is a Kan simplicial set.
Remark 3.24. Let Ψ˜d(R
N )• be the ∆-set obtained by applying the forgetful functor
F : Ssets → ∆-sets to the simplicial set Ψd(RN )•. Also, for any ordered simplicial
complex (K,≤) in Rm, let K˜• be the ∆-set obtained from (K,≤) as indicated in Remark
2.31. We remark that, with very little modifications, the same argument used to prove
Proposition 3.14 can also be used to prove the exact same result for ∆-sets, i.e., that
the function
S˜K : Ψd(R
N )
(
|K|
)
→ ∆(K˜•, Ψ˜d(R
N )•)
which sends an element W ∈ Ψd(RN )
(
|K|
)
to the morphism of ∆-sets fW : K˜• →
Ψ˜d(R
N )• defined by fW (v0 ≤ . . . ≤ vp) = s∗v0...vpW is a bijection. The fundamental
reason why we also have this result when working with ∆-sets is that the simplices
of K˜• are exactly the non-degenerate simplices of K• and, in the proof of Proposition
3.14, the definition of TK(g) given in (14) only uses the non-degenerate simplices of the
simplicial set K•. The proof of the ∆-set version of Proposition 3.14 can be found in
the author’s doctoral dissertation [Go1].
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3.4 The spectrum of spaces of PL manifolds
As explained in the introduction, the spaces |Ψd(RN )•| will be the stages of a spectrum,
and it is the purpose of this subsection to define the structure maps
EN : S
1 ∧ |Ψd(R
N )•| → |Ψd(R
N+1)•|
that make the collection {|Ψd(RN )•|}N∈Z≥0 into a spectrum.
Note. Recall that the base point of |Ψd(R
N )•| is the vertex corresponding to the 0-
simplex ∅ (see Remark 3.10). Throughout this subsection, we will use the symbol •N to
denote the base point of |Ψd(RN )•|.
To define the map EN , we are first going to define a map
TN : [−1, 1]× |Ψd(R
N )•| → |Ψd(R
N+1)•| (15)
which satisfies the following:
· The restriction of TN to {0}×|Ψd(RN )•| agrees with the obvious inclusion |Ψd(RN )•| →֒
|Ψd(RN+1)•|.
· TN maps {−1, 1} × |Ψd(RN )•| and [−1, 1]× {•N} to the base point •N+1.
Since S1 ∧ |Ψd(RN )•| is the quotient space of [−1, 1]× |Ψd(RN )•| defined by identifying
all points of the form (−1, x), (1, x) and (t, •N ), the map EN is then obtained by apply-
ing the characteristic property of quotient spaces.
The map (15) is defined as follows. Let
(
[−1, 1] × Ψd(RN )
)
•
be the push-out of the
diagram
∆1• ×Ψd(R
N )•
i
←− Ψd(R
N )•
i
−→ ∆1• ×Ψd(R
N )•
where i : Ψd(R
N )• →֒ ∆
1
• × Ψd(R
N )• is the morphism of simplicial sets which maps a
p-simplex W to (s∗p,00,W ). In the tuple (s
∗
p,00,W ), sp,0 is the unique morphism in the
category ∆ from [p] to [0]. The map TN in (15) will be a composite of the form
[−1, 1]× |Ψd(R
N )•|
h˜−1
−→ |
(
[−1, 1]×Ψd(R
N )
)
•
|
|T |
−→ |Ψd(R
N+1)•| (16)
where the first map is the inverse of the obvious homeomorphism h˜ : |
(
[−1, 1]×Ψd(RN )
)
•
|
∼=
→
[−1, 1]× |Ψd(R
N )•| and T is a map of simplicial sets obtained by applying the universal
property of
(
[−1, 1]×Ψd(RN )
)
•
to a diagram of the form
Ψd(R
N )•
i //
i

∆1• ×Ψd(R
N )•
 T+

∆1• ×Ψd(R
N )• //
T− --
(
[−1, 1]×Ψd(RN )
)
•
T
((
Ψd(R
N+1)•
(17)
The superscripts + and − in T+ and T− are meant to indicate that we are going to
push elements of Ψd(R
N )• towards +∞ and −∞ respectively along the axis xN+1 in
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N+1.
We will only indicate how to define T+ given that the construction of T− will follow
the same procedure with some minor modifications. Fix once and for all an increasing
pl homeomorphism
f : [0, 1)→ [0,∞).
This is the map that we are going to use to push manifolds to ∞. From each p-simplex
W of Ψd(R
N )• we can obtain a concordance
W˜+ ∈ Ψd(R
N+1)
(
[0, 1]×∆p
)
(18)
between W and ∅ by taking the image of the product [0, 1) ×W under the piecewise
linear embedding
F : [0, 1)×∆p × RN → [0, 1]×∆p × RN+1
defined by
(t, λ, x1, . . . , xN ) 7→ (t, λ, x1, . . . , xN , f(t)).
The construction of the map T+ which appears in (17) will require the following three
steps:
i) For each simplex W of Ψd(R
N )•, show that the concordance W˜
+ induces a map
of simplicial sets
TW : ∆1• ×∆
p
• → Ψd(R
N+1)•. (19)
ii) For any morphism η : [q]→ [p] in the category ∆ and any p-simplexW of Ψd(RN )•,
show that the diagram
∆1• ×∆
q
•
Id∆1•
×η
//
Tη
∗W

∆1• ×∆
p
•
TW

Ψd(R
N+1)• Ψd(R
N+1)•
(20)
is commutative.
iii) Finally, let F : ∆ ↓ Ψd(RN )→ Ssets be the functor defined as follows:
· F sends a p-simplex W ∈ Ψd(RN )p to ∆1• ×∆
p
•.
· F sends a morphism (W, [q]
η
→ [p]) in ∆ ↓ Ψd(RN ) (where η is a morphism
in ∆ and W ∈ Ψd(RN )p) to
Id∆1• × η : ∆
1
• ×∆
q
• → ∆
1
• ×∆
p
•.
Observing that ∆1•×Ψd(R
N )• is a colimit for the functor F : ∆ ↓ Ψd(RN )→ Ssets,
we define
T+ : ∆1• ×Ψd(R
N )• → Ψd(R
N+1)•
to be the unique morphism of simplicial sets such that T+ ◦
(
Id∆1•×δ
W
)
= TW for
each simplex W in Ψd(R
N )•. Here δ
W denotes the characteristic map of a simplex
W .
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It is clear that iii) is an immediate consequence of ii), so it only remains to show claims
i) and ii). For claim i), denote the bottom vertices of ∆1 × ∆p by 0, 1, . . . , p, and
the top vertices by 0′, 1′, . . . , p′. Both the set of bottom and top vertices come with
obvious orderings, and we obtain a total order relation on the set of vertices of ∆1×∆p
by declaring all top vertices to be greater than the bottom ones. The collection of all
strictly increasing chains of vertices
(i0, . . . , im, i
′
m+1, . . . , i
′
q),
with im ≤ im+1, is an abstract ordered simplicial complex K
p which triangulates ∆1 ×
∆p. If Kp• is the simplicial set induced by K
p, then it is straight forward to verify that
the map
F p : ∆1• ×∆
p
• −→ K
p
• (21)
which sends a q-simplex (
(0, . . . , 0︸ ︷︷ ︸
m+1
, 1, . . . , 1︸ ︷︷ ︸
q−m
), (i0, . . . , iq)
)
in ∆1• ×∆
p
• to
(i0, . . . , im, i
′
m+1, . . . , i
′
q)
is an isomorphism of simplicial sets. Finally, by Theorem 3.14 we have that the concor-
dance W˜+ induces a morphism of simplicial sets
Kp•
gW
−→ Ψd(R
N+1)•,
and we define TW to be the composite gW ◦ F p.
To show that the diagram (20) given in ii) commutes, we first observe that from each
morphism η : [q]→ [p] we obtain a map of simplicial sets η˜ : Kq• → K
p
• by setting
(i0, . . . , im, i
′
m+1, . . . , i
′
k) 7→
(
η(i0), . . . , η(im), η(im+1)
′, . . . , η(ik)
′
)
for each k-simplex of Kq• . Furthermore, the collection of simplicial sets {K
p
•}p and
morphisms η˜ : Kq• → K
p
• forms a cosimplicial object K in the category of simplicial sets.
It is easy to verify that the maps F p : ∆1• ×∆
p
• → K
p
• given in (21) are the components
of a natural transformation F : D ⇒ K, where D is the cosimplicial object defined by
D
(
[p]
)
= ∆1• ×∆
p
• and D(η) = Id∆1• × η•. For any η : [q]→ [p] and any W ∈ Ψd(R
N )p,
we have that the diagram
Kq•
η˜ //
gη
∗W

Kp•
gW

Ψd(R
N+1)• Ψd(R
N+1)•
is commutative since the map Id[0,1] × η∗ : [0, 1]×∆
q → [0, 1]×∆p becomes a map of
simplicial complexes (which preserves the ordering of the vertices) when we triangulate
[0, 1]×∆p and [0, 1]×∆q with Kp and Kq respectively . Therefore, diagram (20) is also
commutative given that TW = gW ◦ F p and that the maps F p are the components of a
natural transformation.
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As indicated earlier, T+ : ∆1•×Ψd(R
N )• → Ψd(RN+1)• is then the map of simplicial sets
obtained by applying the universal property of colimits. The definition of T− is done
the same way using the pl function −f : [0, 1)→ (−∞, 0] instead of f : [0, 1) → [0,∞)
and, by the universal property of
(
[−1, 1]× Ψd(RN )
)
•
, there exists a unique simplicial
set map
T : ([−1, 1]×Ψd(R
N ))• → Ψd(R
N+1)•
making diagram (17) commutative. Finally, if we set TN to be equal to the composite
given in (15), then by the way we defined T we have that TN maps {−1, 1}× |Ψd(RN )•|
and [−1, 1] × {•N} to the base point •N+1. Therefore, if q denotes the quotient map
from [−1, 1]× |Ψd(RN )•| to S1 ∧ |Ψd(RN )•|, then there exists a unique map
EN : S
1 ∧ |Ψd(R
N )•| → |Ψd(R
N+1)•| (22)
such that TN = EN ◦ q.
Definition 3.25. The spectrum of spaces of PL manifolds, denoted by ΨPLd , is the
spectrum whose N -th space is equal to |Ψd(RN )•| and whose structure maps EN are the
ones defined in (22).
The preferred base point for a loop space of the form Ωm|Ψd(RN )•| shall be the point
corresponding to the map of pairs f :
(
Im, ∂Im
)
→
(
|Ψd(R
N )•|, •N
)
which maps all
points in Im to the base point •N . The infinite loop space of the spectrum ΨPLd is
defined as
Ω∞ΨPLd = hocolim
N→∞
ΩN |Ψd(R
N )•|. (23)
The homotopy colimit that appears on the right hand side of (23) is the mapping tele-
scope of the diagram of pointed spaces
· · · → ΩN−1|Ψd(R
N−1)•| → Ω
N |Ψd(R
N )•| → Ω
N+1|Ψd(R
N+1)•| → . . . ,
where for each non-negative integer N the map ΩN |Ψd(RN )•| → ΩN+1|Ψd(RN+1)•| is
the N -fold loop map of the adjoint E˜N of EN . This telescope is formed by first taking
for each non-negative integer N the reduced mapping cylinder of ΩN E˜N and then per-
forming the obvious identifications.
As we will show in the main theorem of this article, the classifying space of the PL
cobordism category, defined in section §5, is weak homotopy equivalent to
Ω∞−1ΨPLd = hocolim
N→∞
ΩN−1|Ψd(R
N )•|, (24)
which is the infinite loop space of the suspension of the spectrum ΨPLd .
3.5 The sheaf Ψd
In 3.9 we defined the space of pl manifolds Ψd(R
N )• using R
N as the background space.
However, we could have just as easily defined a simplicial set Ψd(U)• using any open
subspace U ⊆ RN as the background space and, furthermore, for any inclusion of open
sets V →֒ U we have that the function which sends a p-simplex W of Ψd(U)• to the
intersection W ∩
(
∆p × V
)
is actually a morphism of simplicial sets Ψd(U)• → Ψd(V )•.
With these observations we can formulate the following definition.
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Definition 3.26. Let
Ψd(−) : O(R
N )op −→ Ssets
be the pre-sheaf of simplicial sets on RN which sends an open set U to the simplicial set
Ψd(U)• and which sends an inclusion of open sets V →֒ U to the restriction morphism
Ψd(U)• → Ψd(V )• which sends a p-simplex W to W ∩
(
∆p × V
)
.
The following proposition tells us that the functor Ψd(−) is actually a sheaf of simplicial
sets on RN .
Proposition 3.27. Let P be a piecewise linear space and {Uj}j∈J an open cover of
an open subset U ⊆ RN . Suppose that for each j ∈ J we are given an element Wj in
Ψd(Uj)(P ). If for each pair (i, j) ∈ J × J we have Wi ∩Uj =Wj ∩Ui, then there exists
a unique W in Ψd(U)(P ) such that W ∩ Uj =Wj for each j ∈ J .
Proof. Let W denote the union
⋃
j∈J Wj , which we view as a subspace of U . Since each
Wj is both an open subspace of W and a piecewise linear subspace of P × U , then by
Proposition 2.23 we have that W is a piecewise linear subspace of P × U . To see that
W is closed in P ×U , observe that the limit of any convergent sequence of points (xn)n
in W must lie in some Uj0 of the collection {Uj}j∈J . Therefore, this limit must lie in
Wj0 since Wj0 is closed in Uj0 . Finally, the projection π : W → P is a piecewise linear
submersion of codimension d since the restriction of π on each Wj is a piecewise linear
submersion of codimension d and {Wj}j∈J is an open cover of W . It is clear that W is
the unique element in Ψd(U)(P ) such that W ∩ Uj =Wj for each j ∈ J .
By applying this proposition to the case when the base space P is any of the standard
simplices ∆p, we obtain the following corollary.
Corollary 3.28. The pre-sheaf
Ψd(−) : O(R
N )op −→ Ssets
defined in 3.26 is a sheaf of simplicial sets.
We conclude this section with the following useful proposition which tells how to produce
elements in Ψd(R
N )
(
P
)
using open pl embeddings P × RN → P × RN which commute
with the projection onto P .
Proposition 3.29. Let P be a compact polyhedron and letW be an element of Ψd(R
N )(P ).
Then, for any open piecewise linear embedding H : P ×RN → P ×RN which commutes
with the projection onto P we have that H−1(W ) is an element of Ψd(R
N )(P ).
Proof. The intersection of W and ImH is a closed subpolyhedron of ImH . Since H is
a piecewise linear homeomorphism from P × RN to ImH , we also have that H−1(W )
is a closed subpolyhedron of P × RN . Finally, the projection from H−1(W ) to P is
a piecewise linear submersion of codimension d since it is equal to the composite of
H |H−1(W ), which is a piecewise linear homeomorphism from H
−1(W ) to W , and the
projection from W onto P .
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4 Functors F : PLop → Sets
In the previous section we indicated how the simplicial set Ψd(R
N )• can be completely
recovered from the contravariant functor Ψd(R
N ) : PLop → Sets introduced in Defini-
tion 3.12. The same is true for the ∆-set Ψ˜d(R
N )• and it is the purpose of this section
to describe the kind of properties that Ψ˜d(R
N )• has knowing that it comes from the
more general functor Ψd(R
N ) : PLop → Sets. In particular, we will show that there is
a map ρ : |Ψ˜d(R
N )•| → |Ψ˜d(R
N )•| which satisfies the following:
1. ρ is homotopic to the identity map on
∣∣∣Ψ˜d(RN )•∣∣∣.
2. For any morphism of ∆-sets f : X• → Ψ˜d(RN )• and for any non-negative integer
r there is a unique morphism g : sdrX• → Ψ˜d(RN )• of ∆-sets which makes the
following diagram commutative
|X•|
|f | //
∣∣∣Ψ˜d(RN )•∣∣∣
ρr

|sdrX•|
∼=
OO
|g| //
∣∣∣Ψ˜d(RN )•∣∣∣
where the left vertical map is just the canonical homeomorphism from the geo-
metric realization |sdrX•| of the r-th barycentric subdivision of X• to |X•| .
As it was mentioned in the introduction, the map ρ will be called the subdivision map of
Ψd(R
N )•, and it will play a key role in our study of the homotopy type of this simplicial
set.
We remark that in this section we will be working exclusively with the ∆-set Ψ˜d(R
N )•.
The fact that ∆-sets don’t have any degeneracy maps makes it possible to perform cer-
tain technical constructions which cannot be carried over to the category of simplicial
sets, and in our discussion about the subdivision map ρ : |Ψ˜d(RN )•| → |Ψ˜d(RN )•| we
will point out the key steps where it is necessary to work with ∆-sets.
Note. In what remains of this section, we shall denote the ∆-set Ψ˜d(R
N )• simply by
Ψd(R
N )•.
4.1 Preliminaries on simplicial complexes and ∆-sets
We begin our discussion about the subdivision map ρ : |Ψd(RN )•| → |Ψd(RN )•| by
introducing a functor
R : ∆-sets −→ ∆-sets
which will serve as a kind of homotopy between the identity functor Id : ∆-sets →
∆-sets and the barycentric subdivision functor sd : ∆-sets → ∆-sets. More precisely,
the functor R will satisfy the following:
i) For each ∆-set X• there are inclusions
X• →֒ RX• ←֓ sdX• (25)
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which are natural with respect to X•, i.e., the functor R fits into a diagram of
natural transformations of the form
Id =⇒R⇐= sd
ii) For each ∆-set X• there is a homeomorphism
HX : |RX•|
∼=
−→ |X•| × [0, 1],
natural with respect to X•, which makes the following diagram commutative
|X•|
  // |RX•|
HX

|sdX•|?
_oo
∼=

|X•|
  i0 // |X•| × [0, 1] |X•|,?
_i1oo
(26)
where the top part of the diagram is the geometric realization of (25), the right
vertical map is the canonical homeomorphism from |sdX•| to |X•|, and ij is given
by ij(x) = (x, j) for j = 0, 1.
We begin the definition of the functor R by first specifying its values on the subcategory
D of ∆-sets where objects are the standard simplices ∆p• introduced in Remark 2.31
and where morphisms between ∆p• and ∆
q
• are all ∆-set morphisms induced by injective
simplicial complex maps η : ∆p → ∆q which preserve the ordering on vertices (see also
Remark 2.31). To define R on D, we need to introduce for each non-negative integer
p ≥ 0 an ordered simplicial complex R(p) in Rp+2 which satisfies the following:
1. R(p) triangulates the product ∆p × [0, 1].
2. If K(p) is the standard ordered simplicial complex which triangulates ∆p, then
the inclusion
i0 : |K(p)| →֒ |R(p)|
given by i0(λ) = (λ, 0) is an inclusion of ordered simplicial complexes.
3. If sdK(p) is the first barycentric subdivision of K(p), then the inclusion
i1 : |sdK(p)| →֒ |R(p)|
given by i1(λ) = (λ, 1) is also an inclusion of ordered simplicial complexes.
The barycentric point of a simplex F in some Euclidean space Rm will be denoted by
bF . Recall that the barycentric subdivision of an Euclidean simplicial complex K is
defined to be the simplicial complex sdK whose vertices are the barycentric points of
all the simplices of K (in the case of a vertex, the barycentric point is just the vertex
itself) and where a simplex of dimension p in sdK is the convex hull 〈bF0, bF1, . . . , bFp〉
of the barycentric points of the simplices in a flag F0 ⊂ F1 ⊂ . . . ⊂ Fp of simplices in K.
For each p ≥ 0, the simplicial complex R(p) in Rp+2 will be the union of the following
three collections of simplices:
· All simplices of the form {0} × F with F a face of ∆p.
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· All simplices of the form {1}×〈bF0, . . . , bFq〉 with F0 ⊂ . . . ⊂ Fp a flag of simplices
in ∆p.
· Joins of the form (
F × {0}
)
∗
(
〈bF0, . . . , bFq〉 × {1}
)
with F a face of ∆p, F0 ⊂ . . . ⊂ Fp a flag of simplices in ∆
p, and F a face of F0.
We leave it as an easy exercise to the reader to verify that the union of these three
collections of simplices is indeed a simplicial complex in Rp+2 which triangulates the
product ∆p × [0, 1]. Furthermore, if we denote the standard simplicial complex which
triangulates ∆p simply by ∆p, then it is obvious that the inclusions i0 : |∆p| →֒ |R(p)|
and i1 : |sd∆p| →֒ |R(p)| given by i0(λ) = (λ, 0) and i1(λ) = (λ, 1) respectively are maps
of simplicial complexes.
Recall that the set of vertices of both ∆p and sd∆p come with canonical orderings ≤∆p
and ≤sd∆p : for vertices ei and ej in ∆p we have that ei ≤∆p ej if and only if i ≤ j,
and for vertices bFi and bFj in sd∆
p we have that bFi ≤sd∆p bFj if and only if Fi ⊆ Fj .
Using these two order relations, we define a relation ≤p on the set of vertices Vert
(
R(p)
)
as follows:
· (ei, 0) ≤p (ej , 0) if and only if ei ≤∆p ej .
· (bFi, 1) ≤p (bFj , 1) if and only if bFi ≤sd∆p bFj .
· (ei, 0) ≤p (bFj , 1) if and only if ei is a vertex of Fj .
We also leave it to the reader to verify that the relation ≤p turns the simplicial complex
R(p) into an ordered simplicial complex.
Let now R(p)• be the ∆-set obtained from (R(p),≤p) as indicated in Remark 2.31.
In order to make our notation easier to follow, we shall relabel the vertices (ei, 0) and
(bFj , 1) by ei and Fj respectively. It is now clear that both the ∆-set ∆
p
• and its
barycentric subdivision sd∆p• are sub-∆-sets of R(p)•. Furthermore, any morphism
η : [p]→ [q] in the category ∆ (not necessarily injective) defines a morphism of ∆-sets
Rη• : R(p)• →R(q)• (27)
by setting Rη•|∆p = η•, Rη•|sd∆p = sdη• and
Rηk+l
(
ei0 ≤p . . . ≤p eik ≤p Fj1 ≤p . . . ≤p Fjl
)
=
eη(i0) ≤q . . . ≤q eη(ik) ≤q η∗(Fj1) ≤q . . . ≤q η∗(Fjl)
for each k + l-simplex of R(p)• not contained in ∆
p
• nor in sd∆
p
•. It is straightforward
to verify that R(Id[p]) = IdR(p) and that for any two composable morphisms η and δ in
∆ we have that Rδη = Rδ ◦ Rη. These observations gives us the following proposition.
Proposition 4.1. The collection of ∆-sets R(p)• and morphisms Rη form a cosimpli-
cial object in the category of ∆-sets.
31
The functor R : D → ∆-sets is then defined by setting R∆p• := R(p)• and R(η) := Rη
for all morphisms in D.
Let now X• be any ∆-set and let RX : ∆ ↓ X → ∆-sets be the functor which sends
a p-simplex σ to the ∆-set R(p)• and which sends a morphism (σ, [q]
η
→ [p]) of ∆ ↓ X
(where σ ∈ Xp and η is a morphism in ∆inj) to the map Rη : R(p)• → R(q)•. We
define the functor R : ∆-sets→ ∆-sets by sending X• to the colimit
RX• := colim
∆↓X
RX
and by sending a morphism f : X• → Y• to the ∆-set map Rf : RX• → RY• obtained
by the universal property of colimits.
Since for each p ≥ 0 we have that ∆p• and sd∆
p
• are sub-∆-sets of R(p)•, both X•
and sdX• are sub-∆-sets of RX• and the inclusions X• →֒ RX• and sdX• →֒ RX•
are natural with respect to X•. Finally, as it was indicated in Remark 2.31, there is a
natural homeomorphism
h : |R(p)•|
∼=
−→ |R(p)| = ∆p × [0, 1],
and since the geometric realization functor | · | commutes with colimits we obtain a
natural homeomorphism
HX : |RX•|
∼=−→ |X•| × [0, 1]
which makes the diagram in (26) commutative.
4.2 The subdivision map ρ :
∣∣Ψd(RN)•∣∣ −→ ∣∣Ψd(RN)•∣∣
In order to make our constructions easier to follow, we will identify the category ∆inj
with the category whose objects are all the standard simplices ∆p and whose morphisms
are injective order preserving simplicial maps η : ∆p → ∆q. Observe that under this
identification the category ∆inj becomes a subcategory of the category PL.
Instead of only defining the subdivision map ρ :
∣∣Ψd(RN )•∣∣ −→ ∣∣Ψd(RN )•∣∣ for the ∆-set
Ψd(R
N )•, we are going to define it for any ∆-set F : ∆
op
inj → Sets which comes from a
contravariant functor defined on PL. We first introduce the following terminology.
Definition 4.2. Let F : PLop → Sets be a contravariant functor defined on PL. The
∆-set F• obtained by restricting the functor F on the subcategory ∆inj is called the
underlying ∆-set of F .
Fix then a functor F : PLop → Sets and let F• be its underlying ∆-set. Through out
the rest of this section, we will denote the functor F : PLop → Sets by F˜ in order to
avoid confusing it with the ∆-set F•.
PLop
F˜

∆opinj
F //
;;✇✇✇✇✇✇✇✇✇
Sets.
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We shall need the following bit of notation for the definition of the subdivision map ρ:
for any q-simplex F = Fj0 ≤ . . . ≤ Fjq of sd∆
p
•, we denote by φF the injective linear
map ∆q → ∆p which maps ei to the barycentric point bFji of Fji .
Fix now a p-simplex β of F•. For each non-negative integer 0 ≤ k ≤ p, let ρ
β
k : sd∆
p
k →
Fk be the function defined by
ρβk (F = Fj0 ≤ . . . ≤ Fjk ) = F˜(φF : ∆
k → ∆p)(β), (28)
where F˜(φF : ∆k → ∆p)(β) is the image of the p-simplex β of F• under the function of
sets
F˜(φF ) : F˜(∆
p)→ F˜(∆k).
The following two lemmas are the first steps to defining the subdivision map ρ : |F•| →
|F•|.
Lemma 4.3. The functions ρβk , 0 ≤ k ≤ p, defined in (28) are the components of a
morphism of ∆-sets ρβ : sd∆p• → F•.
Proof. Let η : ∆k → ∆l be a morphism in the category ∆inj . For any l-simplex
F = F0 ≤ . . . ≤ Fl in sd∆
p
•, it is easily verified that the diagram
∆l
φF // ∆p
∆k
φη∗F //
η
OO
∆p
is commutative, which implies that
F˜
(
φη∗F
)
(β) = F˜
(
φF ◦ η
)
(β),
or equivalently
ρβk(η
∗F ) = η∗ρβl (F ).
Since this argument applies to any structure map η∗ in sd∆p•, we conclude that ρβ is a
morphism of ∆-sets.
Lemma 4.4. Let θ : ∆p → ∆q be any morphism in the category ∆inj . If β ∈ Fq and
ω ∈ Fp are simplices for which we have θ∗β = ω, then the diagram
sd∆p•
sdθ //
ρω

sd∆q•
ρβ

F• F•
is commutative.
Proof. This result follows from the fact that for each 0 ≤ k ≤ p and each k-simplex
F = Fi0 ≤ . . . ≤ Fik of sd∆
p
• we have the following chain of equalities:
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ρωk (F ) = F˜
(
φF
)
(θ∗β)
= F˜
(
φF
)
◦ F˜
(
θ
)
(β)
= F˜
(
θ ◦ φF
)
(β)
= F˜
(
φsdθ(F )
)
(β)
= ρβk (sdθ(F )).
Remark 4.5. It is worth noting that Lemma 4.4 is not true if we use simplicial sets
instead of ∆-sets. Indeed, in the chain of equalities given in the previous proof, the
second last equality holds because θ is an injective simplicial map and therefore maps
barycentric points to barycentric points, a property which does not hold for arbitrary
simplicial maps. For this reason, we are required to work with ∆-sets instead of simpli-
cial sets for the definition of the subdivision map ρ : |F•| → |F•|.
Consider now the functor sd : ∆ ↓ F → ∆-sets which sends a p-simplex σ : ∆p• → F• to
the ∆-set sd∆p• and a morphism θ : ∆
p
• → ∆
q
• over F• to the morphism sdθ : sd∆
p
• →
sd∆q• induced by θ. The barycentric subdivision sdF• of F• is the colimit of the diagram
sd : ∆ ↓ F → ∆-sets and, by Proposition 4.4 and the universal property of colimits,
there exists a unique morphism of ∆-sets ρ˜ : sdF• → F• which makes the diagram
sdF•
ρ˜

sd∆p•
sdβ
;;✇✇✇✇✇✇✇✇
ρβ // F•
commutative for each p-simplex β : ∆p• → F• in F• (here we are identifying a p-simplex
β of F• with its characteristic map). With this morphism of ∆-sets we can now give the
definition of the subdivision map of F•.
Definition 4.6. The subdivision map ρ : |F•| −→ |F•| of F• is defined to be the
composite
|F•|
h−1
−→ |sdF•|
|ρ˜|
−→ |F•|
where h−1 is the inverse of the canonical homeomorphism h : |sdF•|
∼=→ |F•|.
As we indicated at the beginning of this section, the subdivision map ρ satisfies the
following important property.
Theorem 4.7. The subdivision map ρ : |F•| → |F•| is homotopic to the identity map
on |F•|.
Proof. In this proof we are going to use the functor R : ∆-sets → ∆-sets defined in
§4.1. For each p-simplex σ of F•, denote by σ × [0, 1] the image of σ in F˜(∆p × [0, 1])
under the function F˜(pr1 : ∆p × [0, 1] → ∆p), where pr1 : ∆p × [0, 1] → ∆p is the
projection onto the first component of ∆p × [0, 1]. Moreover, let γσ : R∆p• → F• be the
morphism of ∆-sets which at the level of k-simplices is given by
γσk (V = v0 ≤p . . . ≤p vk) = F˜
(
sV : ∆
k → ∆p × [0, 1]
)(
σ × [0, 1]
)
.
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The map sV that appears on the right hand side of this equality is just the simplicial
map ∆k → |R(p)| which maps the vertex ej to the vertex vj of the simplicial complex
R(p). An argument completely analogous to the one given in the proof of Lemma 4.3
shows that γσ is indeed a morphism of ∆-sets. Furthermore, a slight upgrading of the
proof of Lemma 4.4 shows that the diagram
R(p)•
γσ

Rθ // R(q)•
γβ

F• F•
is commutative for any morphism θ : [p] → [q] in ∆inj and for any pair of simplices
σ ∈ Fp and β ∈ Fq such that θ∗β = σ. Applying the universal property of colimits, we
obtain a morphism
Γ : RF• −→ F•
such that for each p-simplex σ : ∆p• → F• of F• we have γσ = Γ ◦ Rσ. Finally, let
H : |F•| × [0, 1]→ |F•| be equal to the composite
|F•| × [0, 1]
H
−1
F−→ |RF•|
|Γ|
−→ |F•|,
where the first map is the inverse of the canonical homeomorphism HF : |RF•|
∼=→
|F • | × [0, 1] defined in §4.1. If ij : |F•| →֒ |F•| × [0, 1] denotes the canonical inclusion
defined by λ 7→ (λ, j), with j ∈ {0, 1}, then by the way we have defined the map
H : |F•| × [0, 1]→ |F•| we have
Id|F•| = H ◦ i0, ρ = H ◦ i1.
Therefore, H : |F•| × [0, 1] → |F•| is a homotopy between Id|F•| and the subdivision
map ρ : |F•| → |F•|.
Besides being homotopic to the identity map Id|F•|, the subdivision map ρ also satisfies
the following.
Proposition 4.8. Let F• be the underlying ∆-set of F˜ : PL
op → Sets. If f• : X• → F•
is a morphism of ∆-sets and h : |sdX•| → |X•| is the canonical homeomorphism from
|sdX•| to |X•|, then there exists a unique morphism g• : sdX• → F• of ∆-sets which
makes the following diagram commutative
|X•|
|f | // |F•|
ρ

|sdX•|
∼= h
OO
|g| // |F•|
Proof. Given a ∆-set X•, let hX : |sdX•|
∼=
→ |X•| denote the natural homeomorphism
from |sdX•| to |X•|. These homeomorphisms are the components of a natural transfor-
mation from the functor |sd(·)| to the geometric realization functor | · |. Therefore, given
any morphism of ∆-sets f : X• → F•, the diagram
|sdF•|
hF // |F•|
|sdX•|
hX //
|sdf |
OO
|X•|
|f |
OO
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is commutative. It follows then that the diagram
|F•| |sdF•|
|ρ˜|oo |F•|
h
−1
Foo
|sdX•|
cc●●●●●●●●
hX //
|sdf |
OO
|X•|
|f |
OO
is also commutative, where the diagonal map is the composite |ρ˜| ◦ |sdf | = |ρ˜ ◦ sdf |.
Therefore, g := ρ˜ ◦ sdf is the morphism of ∆-sets which will make the diagram given in
the statement of this proposition commutative.
Iterating the result of Proposition 4.8 we obtain the following corollary.
Corollary 4.9. For any morphism f : X• → F• and any r > 0 there is a unique
morphism g : sdrX• → F• which makes the following diagram commutative
|X•|
|f | // |F•|
ρr

|sdrX•|
∼=
OO
|g| // |F•|
where the left vertical map is the canonical homeomorphism |sdrX•|
∼=
→ |X•|.
Corollary 4.9 can be used the prove the following useful result about maps from compact
spaces into |F•|.
Proposition 4.10. Any map f : P → |F•| from a compact space P is homotopic to a
composite of the form
P → |K•|
|g•|
→ |F•|
where K• is a finite ∆-set obtained from a finite ordered simplicial complex.
Proof. Since P is compact, its image under f is going to intersect only finitely many
simplices of |F•|. If Y• is the sub-∆-set of F• generated by these simplices, then the
map f is equal to the composition P
f ′
→ |Y•|
|i•|
→ |F•| where f ′ is the map obtained from
f by restricting its target to |Y•| and the second map is just the geometric realization
of the obvious inclusion of ∆-sets. By 4.9 we have that there exists a unique morphism
g• : sd
2Y• → F• of ∆-sets such that ρ2 ◦ |i•| = |g•| ◦ h, where h : |Y•|
∼=
→ |sd2Y•| is the
inverse of the canonical homeomorphism from |sd2Y•| onto |Y•|. Since ρ is homotopic
to the identity on |F•|, we have that |i•| is homotopic to |g•| ◦ h, which implies that
f = |i•| ◦ f ′ is homotopic to
P
h◦f ′
→ |sd2Y•|
|g•|
→ |F•|. (29)
Furthermore, sd2Y• is isomorphic to a ∆-set obtained from a simplicial complex K (see
§1 in [Go1]), and we can therefore replace sd2Y• with K• in (29).
Note 4.11. Let ρ : |Ψd(RN )•| → |Ψd(RN )•| be the subdivision map of Ψd(RN )•. If
ρk : |ψd(N, k)•| → |ψd(N, k)•| is the subdivision map of the sub-∆-set ψd(N, k)•, then
by the way the maps ρ and ρk are defined we have that
ρ||ψd(N,k)•| = ρk.
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Furthermore, if H is the homotopy between Id|Ψd(RN )•| and ρ defined in the proof of
Theorem 4.7, then the restriction of H on |ψd(N, k)•| × [0, 1] is a homotopy between
Id|ψd(N,k)•| and ρ||ψd(N,k)•|.
5 The piecewise linear cobordism category
The purpose of this section is to introduce the piecewise linear cobordism category CPLd ,
which is the central object of study in the present paper.
Throughout this article, we have used simplicial sets to define piecewise linear versions
of the spaces studied in [GRW1], and we will apply this strategy again for the definition
of CPLd . In particular, C
PL
d will be defined as a non-unital simplicial category, i.e., a non-
unital category whose object and morphism sets are actually simplicial sets, and whose
structure maps are morphisms of simplicial sets. The definition of non-unital simplicial
category will be given in §5.2. Also, in §5.2 we will introduce the notion of nerve of a non-
unital simplicial category, which we will use in §5.3 to define the classifying space BCPLd .
For the definition of the piecewise linear cobordism category CPLd , given in §5.3, we will
first introduce for each positive integer N a non-unital simplicial category CPLd (R
N ),
analogous to the category Cd(R
N ) of cobordisms embedded in RN used in [GRW1]. The
simplicial set of objects (resp. morphisms) of CPLd is then defined as a colimit of the
simplicial sets of objects (resp. morphisms) of the non-unital categories CPLd (R
N ).
In this section, besides defining the non-unital categories CPLd and C
PL
d (R
N ), we will
begin the proof of the following result, which is the first step in proving the main
theorem of this article.
Theorem 5.1. There is a homotopy equivalence
BCPLd
≃
−→ |ψd(∞, 1)•|.
In this statement, ψd(∞, 1)• is a simplicial set (defined at the beginning of subsection
§5.3) which is a colimit for the diagram of inclusions
. . . →֒ ψd(N − 1, 1)• →֒ ψd(N, 1)• →֒ ψd(N + 1, 1)• →֒ . . . .
We will prove Theorem 5.1 by introducing a subsimplicial set ψRd (N, 1)• of ψd(N, 1)•
such that, as we explained in the introduction, the geometric realization |ψRd (N, 1)•| fits
into a diagram of weak equivalences
BCPLd (R
N ) ≃ |ψRd (N, 1)•|
  ≃ // |ψd(N, 1)•|. (30)
This section is organized as follows. In §5.1 we introduce the notion of fiberwise regular
value (which we need to formulate the definition of CPLd ) and define the simplicial set
ψRd (N, 1)•. In §5.2 we give a discussion on non-unital simplicial categories, and in §5.3
we define the piecewise linear cobordism category CPLd and its classifying space BC
PL
d .
Finally, in §5.4 we obtain the first weak equivalence in (30).
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5.1 Fiberwise regular values
For a p-simplex W ⊆ ∆p × Rk × (−1, 1)N−k of ψd(N, k)•, let
xk :W → R
k
be the projection from W onto the second factor of ∆p × Rk × (−1, 1)N−k. Ob-
serve that this map is piecewise linear since it is the restriction of the projection
∆p × Rk × (−1, 1)N−k → Rk, which is piecewise linear, on the subpolyhedron W . Fur-
thermore, xk is proper since ∆
p × Rk × (−1, 1)N−k → Rk is proper and W is a closed
subspace of ∆p × Rk × (−1, 1)N−k.
In the following definition, B(a, δ) shall denote the closed ball centered at a ∈ Rk with
radius δ > 0 with respect to the norm ‖·‖ in Rk defined by
‖(x1, . . . , xk)‖ = max{|x1|, . . . , |xk|}.
Definition 5.2. Let W ⊆ ∆p × Rk × (−1, 1)N−k be a p-simplex of the simplicial set
ψd(N, k)• and let π : W → ∆p be the natural projection onto ∆p. A value a0 ∈ Rk
is said to be a fiberwise regular value for the projection map xk : W → Rk if for every
point w in the pre-image x−1k (a0) there is a δ > 0, an open neighborhood V of λ0 = π(w)
in ∆p, and a piecewise linear homeomorphism
h : V ×B(a0, δ)× (π, xk)
−1
(
(λ0, a0)
)
−→ (π, xk)
−1
(
V ×B(a0, δ)
)
such that (π, xk) ◦ h is equal to the projection onto V ×B(a0, δ).
Observe that if a0 is a fiberwise regular value of xk : W → Rk, then by Proposition
2.26 we have that the pre-image (π, xk)
−1
(
(λ0, a0)
)
is a (d − k)-dimensional piecewise
linear manifold for any λ0 ∈ ∆p. In fact, after identifying {λ0}×{a0}× (−1, 1)N−k with
(−1, 1)N−k, we can view (π, xk)−1
(
(λ0, a0)
)
as a closed (d − k)-dimensional piecewise
linear submanifold of (−1, 1)N−k.
In this section, we shall only be concerned with fiberwise regular values of projections
of the form x1 :W → R with W a simplex in the simplicial set ψd(N, 1)•.
Definition 5.3. ψRd (N, 1)• is the subsimplicial set of ψd(N, 1)• which consists of all
simplices W such that the projection x1 :W → R has a fiberwise regular value.
5.2 Non-unital simplicial categories
For the definition of CPLd , we need to clarify what we mean by non-unital simplicial
category. Recall that a non-unital category C (or semicategory) is a pair of sets (O,M)
of objects and morphisms, equipped with source and target functions s, t :M→O, and
a composition function µ :M×tOsM→M which satisfies the following conditions:
· s
(
µ(f, g)
)
= s(f) and t
(
µ(f, g)
)
= t(g)
· µ
(
µ(f, g), h
)
= µ
(
f, µ(g, h)
)
whenever t(f) = s(g) and t(g) = s(h).
38
The domain M×tOsM of the composition function is the set of pairs (f, g) ∈M×M
such that t(f) = s(g). We shall typically denote the image µ(f, g) by g ◦ f .
For two non-unital categories C1 = (O1,M1) and C2 = (O2,M2), a functor F : C1 → C2
of non-unital categories is a pair of functions F : O1 → O2, G : M1 → M2 which
satisfy the expected structure preserving conditions. Explicitly, if s1, t1 and s2, t2 denote
respectively the source and target maps of C1 and C2, then we must have:
· s2
(
G(f)
)
= F
(
s1(f)
)
and t2
(
G(f)
)
= F
(
t1(f)
)
for all f ∈ M1.
· G(g ◦ f) = G(g) ◦G(f) for all pairs of composable morphisms f, g in M1.
We define non-unital simplicial categories in the same way we defined non-unital cate-
gories, but replacing sets with simplicial sets and functions of sets with morphisms of
simplicial sets. More precisely, we have the following (see also section §2.3 in [GRW2]).
Definition 5.4. A non-unital simplicial category C consists of the following data:
· A simplicial set of objects O•.
· A simplicial set of morphisms M•.
· Maps of simplicial sets s, t : M• → O•, called respectively the source and target
map of C.
· A map of simplicial sets µ : M• ×tOs M• → M•, called the composition map,
which satisfies conditions analogous to the ones listed in the definition of non-
unital category.
Remark 5.5. Let C = (O•,M•, s, t, µ) be a non-unital simplicial category. For each
non-negative integer p, the 5-tuple of data Cp = (Op,Mp, sp, tp, µp) is a non-unital
category as defined at the beginning of this subsection. Moreover, for a morphism
η : [q]→ [p] in ∆, the functions η∗ : Op → Oq and η˜ :Mp →Mq induced by η define a
functor Cp → Cq of non-unital categories.
Remark 5.6. We can also view a non-unital simplicial category as a simplicial non-
unital category, i.e., a simplicial object ∆op → Non-Cat in the category of non-unital
categories. Given a non-unital simplicial category C = (O•,M•, s, t, µ), we obtain a
functor C˜ : ∆op → Non-Cat by setting C˜([p]) = Cp and C˜(η) = (η∗, η˜), where Cp and
(η∗, η˜) are as defined in Remark 5.5. There is an evident inverse procedure which takes
as input a functor C˜ : ∆op → Non-Cat and produces a non-unital simplicial category
C.
Finally, to define the classifying space BCPLd , we also need to explain what we mean
by the nerve of a non-unital simplicial category. For the purpose of formulating this
definition, we shall make use of the following notation: given a functor C˜ : ∆op →
Non-Cat, we denote by NC˜ the functor ∆op → ∆-sets obtained by composing C˜ with
the nerve functor N : Non-Cat → ∆-sets which sends a non-unital category to its
nerve. Also, in the following definition alone, we will denote Ssets by Fun
(
∆op,Sets
)
and ∆-sets by Fun
(
∆opinj ,Sets
)
.
Definition 5.7. Let C = (O•,M•, s, t, µ) be a non-unital simplicial category and let
C˜ : ∆op → Non-Cat be the functor defined by C (see Remark 5.6). The nerve of C is the
functor NC : ∆opinj → Fun
(
∆op,Sets
)
obtained by applying the categorical exponential
law to NC˜ : ∆op → Fun
(
∆opinj ,Sets
)
.
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5.3 The non-unital simplicial category CPL
d
Before defining the piecewise linear cobordism category, we need to give some preliminary
definitions. For each positive integer N , let δN denote the canonical inclusion
R
N →֒ R∞ = colim
N→∞
R
N .
A colimit for the sequence of inclusions
. . . →֒ Ψd(R
N−1)• →֒ Ψd(R
N )• →֒ Ψd(R
N+1)• →֒ . . .
is the simplicial set Ψd(R
∞)• whose p-simplices are subsets W ⊆ ∆p × R∞ for which
there exists a positive integer N such that W is contained in the image of Id∆p × δN :
∆p ×RN → ∆p ×R∞ and (Id∆p × δN )−1(W ) ∈ Ψd(RN )p. For a morphism η : [q]→ [p]
in ∆, the structure map η∗ induced by η sends a p-simplex W to
η∗W = {(λ, x) ∈ ∆q × R∞
∣∣ (η∗(λ), x) ∈W},
where η∗(λ) is the image of λ ∈ ∆
q under the simplicial map η∗ : ∆
q → ∆p induced by
η. It follows from Proposition 3.3 that η∗W is indeed an element in Ψd(R
∞)q.
The simplicial set Ψd(R
∞)• has a filtration similar to the one of Ψd(R
N )• given by
the subsimplicial sets ψd(N, k)•. More precisely, for each non-negative integer k ≥ 0,
we define ψd(∞, k)• to be the subsimplicial set of Ψd(R∞)• whose p-simplices are all
subsets W ⊆ ∆p × R∞ such that W ⊆ Id∆p × δN
(
∆p × RN
)
and (Id∆p × δN )−1(W ) ∈
ψd(N, k)p for some positive integer N . It is straightforward to verify that ψd(∞, k)• =
colimN→∞ ψd(N, k)•.
Note. To simplify our notation and to make arguments easier to formulate, we shall
throughout the rest of this section consider the underlying polyhedronW of a p-simplex
of Ψd(R
N )• as a subset of the product R ×∆p × RN−1. Similarly, in the definition of
Ψd(R
∞)•, we replace the background space ∆
p ×R∞ with the product R×∆p ×R∞−1
obtained by interchanging the first two components of ∆p × R∞.
We can now start developing the definition of the PL cobordism category. We start by
introducing the non-unital simplicial categories CPLd (R
N ) (compare with Definition 3.7
in [GRW1]).
Definition 5.8. The definition of CPLd (R
N ) will be broken down into three parts:
i) N0Cd(RN )• is the simplicial set whose set of p-simplices is equal to ψd−1(N−1, 0)p×R.
ii) For k ≥ 1, let NkCd(RN )• be the simplicial set whose set of p-simplices is the subset
of ψd(N, 1)p × Rk+1 of tuples (W,a0 < . . . < ak) which satisfy the following conditions:
1. Each ai is a fiberwise regular value for the projection x1 :W → R.
2. There exists an ǫ > 0 such that
x−11
(
(aj ± ǫ)
)
= (aj ± ǫ)× x
−1
1 (aj)
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for j = 0, . . . , k and such that
x−11
(
(−∞, a0 + ǫ)
)
= (−∞, a0 + ǫ)× x
−1
1 (a0)
x−11
(
(ak − ǫ,∞)
)
= (ak − ǫ,∞)× x
−1
1 (ak).
iii) CPLd (R
N ) is the non-unital simplicial category whose simplicial set of objects O• is
N0Cd(RN )• and whose simplicial set of morphisms M• is N1Cd(RN )•. The source and
target maps of CPLd (R
N ) are the maps sN , tN : N1Cd(RN )• → N0Cd(RN )• which send a
p-simplex (W,a0 < a1) respectively to (M0, a0) and (M1, a1), where Mj (for j = 0, 1) is
the image of x−11 (aj) under the obvious map {aj}×∆
p×(−1, 1)N−1 → ∆p×(−1, 1)N−1.
Two p-simplices (W0, a0 < a1), (W1, b0 < b1) in N1Cd(RN )• are composable if a1 = b0
and the pre-images of a1 = b0 under the projection maps x1 :W0 → R and x1 :W1 → R
agree as subspaces of {a1}×∆p × (−1, 1)N−1. In this case, the composition map µN of
CPLd (R
N ) sends the tuple (
(W0, a0 < a1), (W1, b0 < b1)
)
to (W,a0 < b1), where W is equal to the union(
W0 ∩ x
−1
1
(
(−∞, a1]
))
∪
(
W1 ∩ x
−1
1
(
[a1,∞)
))
.
For k ≥ 1, a colimit of the sequence
. . . →֒ NkCd(R
N−1)• →֒ NkCd(R
N )• →֒ NkCd(R
N+1)• →֒ . . . (31)
is the simplicial set NkCd• whose p-simplices are tuples (W,a0 < . . . < ak) ∈ ψd(∞, 1)p×
R
k+1 satisfying conditions 1 and 2 given in part ii) of Definition 5.8. Also, it is evident
that a colimit of diagram (31) in the case k = 0 is the simplicial set N0Cd• whose set of
p-simplices is given by ψd−1(∞, 0)p × R.
For each N > 0 and k ≥ 0, let iN,k denote the obvious inclusion NkCd(RN )• →֒
NkCd(R
N+1)•, and let jN,k denote the map of simplicial sets NkCd(R
N )• → NkCd•
for which we have jN,k = jN+1,k ◦ iN,k. For each positive integer N , it is easy to check
that the following diagram is commutative
N1CPLd (R
N )•
sN //
iN,1

N0CPLd (R
N )•
iN,0

jN,0
''❖❖
❖❖
❖❖
❖❖
❖❖
❖
N1CPLd (R
N+1)•
sN+1 // N0CPLd (R
N+1)•
jN+1,0 // N0CPLd• .
By the universal property of colimits, there is a unique map s : N1CPL• → N0C
PL
• such
that jN,0 ◦ sN = s◦ jN,1 for each positive integer N . A similar map t : N1CPL• → N0C
PL
•
can be defined using the target maps tN .
We can now give the main definition of this article.
Definition 5.9. The piecewise linear cobordism category CPLd is the non-unital simplicial
category whose simplicial sets of objects and morphisms are respectively the simplicial
sets N0Cd• and N1Cd•. The source and target maps of CPLd are the unique maps of
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simplicial sets s, t : N1Cd• → N0Cd• such that jN,0 ◦sN = s◦ jN,1 and jN,0 ◦ tN = t◦ jN,1
for each positive integer N . The definition of the composition map
µ : N1Cd• ×tN0Cds N1Cd• → N1Cd•
is identical to that of the composition map µN of CPLd (R
N ).
Remark 5.10. Let (W,a0 < a1) be a p-simplex in N1Cd•. Suppose W ⊆ R × ∆p ×
(−1, 1)N−1, and let x1 :W → R be the projection onto the first component of R×∆p×
(−1, 1)N−1. The underlying polyhedron W is completely determined by the pre-image
x−11
(
[a0, a1]
)
, which we will denote byW[a0,a1]. Similarly, we will denote the intersection
of a fiber Wλ of W
π
→ ∆p with x−11
(
[a0, a1]
)
by Wλ,[a0,a1]. For a fixed λ0 ∈ ∆
p, it is
evident that Wλ0,[a0,a1] is a d-dimensional piecewise linear cobordism whose boundary
components are contained in {a0}× (−1, 1)N−1 and {a1}× (−1, 1)N−1. Moreover, since
a0 and a1 are fiberwise regular values of x1 : W → R, we have by Proposition 3.2 that
the restriction π|W[a0,a1] : W[a0,a1] → ∆
p is a trivial PL-bundle whose fibers are all pl
homeomorphic to the cobordism Wλ0,[a0,a1]. This observation justifies the use of the
term piecewise linear cobordism category.
We conclude this subsection with the definition of the classifying space BCPLd . For k ≥ 2,
we will from now on identify the k-th stage of the nerve NCPLd with the simplicial set
NkCd•.
Definition 5.11. Let N•Cd• be the bi-∆-set obtained by composing the nerve NC
PL
d :
∆opinj → Ssets with the forgetful functor F : Ssets → ∆-sets. The classifying space
BCPLd is the geometric realization ‖N•Cd•‖. Similarly, we define BC
PL
d (R
N ) as the
geometric realization of the bi-∆-set N•Cd(RN )•.
5.4 The equivalence BCPL
d
(RN) ≃ |ψR
d
(N, 1)•|
In what remains of this section, we will show that BCPLd is weak homotopy equivalent
to
∣∣ψRd (∞, 1)•∣∣. In order to do this we need to introduce the following two poset models
for the non-unital category CPLd (R
N ). For these definitions, we will denote by ψ˜d(N, 1)•
the ∆-set obtained from ψd(N, 1)• after forgetting degeneracies.
Definition 5.12. Let Dd(RN )•,• be the bi-∆-set whose set of (p, q)-simplices is the
subset of ψ˜d(N, 1)p × Rq+1 consisting of tuples
(W ⊆ R×∆p × (−1, 1)N−1, a0 < . . . < aq)
which satisfy condition 1) of Definition 5.8.
Definition 5.13. Let D⊥d (R
N )•,• be the bi-∆-set whose set of (p, q)-simplices is the
subset of ψ˜d(N, 1)p × Rq+1 consisting of tuples
(W ⊆ R× (−1, 1)N−1 ×∆p, a0 < . . . < aq)
which satisfy condition 1) of Definition 5.8 and for which there is an ǫ > 0 such that
x−11
(
(ai − ǫ, ai + ǫ)
)
=
(
(ai − ǫ, ai + ǫ)
)
× x−11 (ai)
for each i in {0, . . . , q}.
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The face maps in the p and q direction for both Dd(RN )•,• and D⊥d (R
N )•,• are defined
in the same way as for N•Cd(RN )•, with the exception that in the q-direction the face
maps do not change the underlying manifold W .
We will show that BCPLd is weak homotopy equivalent to |ψ
R
d (∞, 1)•| by showing that
there is a zig-zag of weak equivalences
∥∥N•Cd(RN )•∥∥ ≃← ∥∥D⊥d (RN )•,•∥∥ ≃→ ∥∥Dd(RN )•,•∥∥ ≃→ ∣∣∣ψ˜Rd (N, 1)•∣∣∣ ≃→ ∣∣ψRd (N, 1)•∣∣ (32)
and then letting N go to infinity. The last equivalence in (32) is the natural map from the
geometric realization of the ∆-set ψ˜Rd (N, 1)• to the geometric realization of ψ
R
d (N, 1)•.
In Proposition 5.14 below, we will define the first map in (32) and show that it is indeed
a weak equivalence. For the proof of 5.14 we are going to use the following notation:
if W is a p-simplex of ψd(N, 1)• and if (x1, π) : W → R×∆p is the natural projection
onto R×∆p, then we denote by WA,S the pre-image of a product A×S ⊆ R×∆p under
(x1, π).
Proposition 5.14. The morphism of bi-∆-sets D⊥d (R
N )•,•
f•,•
−→ N•Cd(RN )• defined by
(W,a0 < . . . < aq) 7→ (W[a0,aq ] ∪W(−∞,a0] ∪W[aq ,∞), a0 < . . . < aq)
for q > 0 and
(W,a0) 7→ (x
−1
1 (a0), a0)
for q = 0 induces a weak homotopy equivalence∥∥D⊥d (RN )•,•∥∥ ≃→ ∥∥N•Cd(RN )•∥∥
Proof. We wish to show that the morphism
D⊥d (R
N )•,q
f•,q
−→ NqCd(R
N )•
is a weak homotopy equivalence for each q ≥ 0. For this proof, we will identify each
p-simplex (M,a) of N0Cd(RN )• with the tuple (R×M,a). With this identification, the
proof we give below applies to all q ≥ 0 and we won’t have to consider q = 0 as a special
case.
If NqCd(RN )•
iq•
−→ D⊥d(RN )•,q is the obvious inclusion of ∆-sets, then we have that
f•,q ◦ iq• is equal to IdNqCd(RN )• . In particular, the composition f•,q ◦ iq• is a weak
homotopy equivalence and it therefore suffices to show that iq• is a weak homotopy
equivalence. Consider then a map of pairs
g : (∆k, ∂∆k) −→
( ∣∣D⊥d (RN )•,q∣∣ , ∣∣NqCd(RN )•∣∣ )
and let us identify (∆k, ∂∆k) with the geometric realization of the pair (∆k• , ∂∆
k
•). Since
(D⊥d (R
N )•,q, NqCd(RN )•) is a pair of Kan ∆-sets, we can assume that the map g is equal
to the geometric realization of a morphism of ∆-sets
h : (∆k• , ∂∆
k
•) −→ (D
⊥
d (R
N )•,q, NqCd(R
N )•).
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The morphism h : ∆k• → D
⊥
d (R
N )•,q classifies a k-simplex (W ⊆ R×∆k×(−1, 1)N−1, a0 <
. . . < aq) of D⊥d (R
N )•,q for which there is an ǫ > 0 such that
W(aq−ǫ,∞),∂∆k = (aq − ǫ,∞)×Waq,∂∆k
and
W(−∞,a0+ǫ),∂∆k = (−∞, a0 + ǫ)×Wa0,∂∆k .
The strategy of the proof is to define an element W˜ of ψd(N, 1)
(
[0, 1] × ∆k
)
which is
a concordance between W and an element W ′ which is the underlying polyhedron of a
k-simplex of NqCd(RN )•, and for which the values a0 < . . . < aq are fiberwise regular
for the projection x1 : W˜ → R. Once we have this concordance we can apply the ∆-
set version of Proposition 3.14, using a suitable simplicial complex which triangulates
∆p × [0, 1], to obtain a homotopy
F : ∆p × [0, 1]→ |D⊥d (R
N )•,q|
with F0 = |h•| and F1 = |h′•|, where h
′
• : ∆
k
• → D
⊥
d (R
N )•,q is a morphism of ∆-sets
which classifies a k-simplex of NqCd(RN )•. Moreover, the concordance W˜ will be con-
stant over ∂∆k, i.e., W˜ will agree with [0, 1]×W over the product [0, 1]×∂∆k. It follows
then that the homotopy F we obtain by applying the ∆-set version of Proposition 3.14
is actually a homotopy of maps of pairs
(
|∆k• |, |∂∆
k
•|)→ (|D
⊥
d (R
N
•)|, |NqCd(RN )•|
)
.
In order to construct such a concordance, we first pick a value ǫ′ such that 0 < ǫ′ < ǫ
and an open piecewise linear embedding
f : [0, 1]× R→ [0, 1]× R
which commutes with the projection onto [0, 1] and which satisfies the following prop-
erties:
· f0 is the identity on R.
· f fixes all points in [0, 1]× [a0 − ǫ′, aq + ǫ′].
· f1 maps R onto (a0 − ǫ, aq + ǫ).
The product of maps f × Id∆k×RN−1 , which we shall denote by e, is an open piecewise
linear embedding from [0, 1] × R × ∆k × RN−1 into itself which commutes with the
projection onto [0, 1]×∆k and thus, by Lemma 3.29, the pre-image W˜ := e−1([0, 1]×W )
is an element of ψd(N, 1)
(
[0, 1] × ∆k
)
. Since W agrees over ∂∆k with the products
(−∞, a0) ×Wa0 and (aq,∞) ×Waq at heights x1 < a0 and x1 > aq respectively, and
since f fixes all points in [0, 1]×[a0−ǫ′, aq+ǫ′], we have that W˜ agrees with [0, 1]×W over
[0, 1]×∂∆k. Also, it follows from the fact that f fixes all points in [0, 1]× [a0−ǫ′, aq+ǫ′]
that a0 < . . . < aq are fiberwise regular values for the projection x1 : W˜ → R. Finally,
since f1 maps R onto (a0 − ǫ, aq + ǫ) we have that W˜ is a concordance between W
and an element W ′ which is the underlying polyhedron of a k-simplex of NqCd(RN )•.
This shows that iq,• is a weak homotopy equivalence. Since this argument holds for any
q ≥ 0, we can conclude that f•,• induces a weak homotopy equivalence∥∥D⊥d (RN )•,•∥∥ ≃−→ ∥∥N•Cd(RN )•∥∥
when we take geometric realizations.
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Proposition 5.15. The map
∥∥D⊥d (RN )•,•∥∥ → ∥∥Dd(RN )•,•∥∥ induced by the inclusion
i•,• : D⊥d (R
N )•,• → Dd(RN )•,• is a weak homotopy equivalence.
Proof. As we did in the proof of Proposition 5.14, we are going to show that i•,q :
D⊥d (R
N )•,q → Dd(R
N )•,q is a weak homotopy equivalence for each q ∈ N. In order to
make our arguments easier to follow, we shall only do the proof in the case when q = 1.
The remaining cases are handled similarly. Let then
g : (∆p, ∂∆p)→
( ∣∣Dd(RN )•,1∣∣ , ∣∣D⊥d (RN )•,1∣∣ )
be a map of pairs. Since both D⊥d (R
N )•,1 and Dd(R
N )•,1 are Kan, we can assume that
g is the geometric realization of a morphism
h : (∆p•, ∂∆
p
•)→ (Dd(R
N )•,1,D
⊥
d (R
N )•,1).
We will follow the same strategy used in the proof of Proposition 5.14. Namely, we
will produce a concordance W˜ from which we can obtain a homotopy of maps of pairs
F : ∆p × [0, 1] → |Dd(RN )•,1| from |h| to the geometric realization of a morphism
h′ : ∆k• → Dd(R
N )•,1 which classifies a k-simplex of D⊥d (R
N )•,1. Let (W,a0 < a1) be
the p-simplex classified by h. Since both a0 and a1 are fiberwise regular values of the
projection x1 :W → R, we have that there is an ǫ > 0 smaller than
a1−a0
2 such that for
i = 0, 1 the restriction of (x1, π) on
W(ai−ǫ,ai+ǫ)
is a piecewise linear submersion of codimension d − 1. Also, for both i = 0, 1 we can
assume that
W(ai−ǫ,ai+ǫ),∂∆p = (ai − ǫ, ai + ǫ)×Wai,∂∆p .
Let δ > 0 be a value smaller than ǫ2 and let j : R × [0, 1] → R be a piecewise linear
homotopy which satisfies the following properties:
· j0 is the identity on R.
· jt fixes each point in R− (a0 −
ǫ
2 , a1 +
ǫ
2 ) for all t ∈ [0, 1].
· jt fixes each point in [a0 +
ǫ
2 , a1 −
ǫ
2 ] for all t ∈ [0, 1].
· For i = 0, 1, j maps the 2-simplex spanned by (ai − δ, 1), (ai + δ, 1) and (ai, 0) to
ai.
Let J : R× [0, 1]×∆p × [0, 1]N−1 → R× [0, 1]×∆p × [0, 1]N−1 be the piecewise linear
map defined by
(x, t, λ, y) 7→ (j(x, t), t, λ, y)
and let W˜ denote the pre-image J−1([0, 1] ×W ) (in this proof we are considering the
constant concordance [0, 1]×W as a subpolyhedron of R× [0, 1]×∆p×RN−1). It is easy
to show that W˜ is actually a closed subpolyhedron of R× [0, 1]×∆p ×RN−1 using the
fact that J is a piecewise linear map which fixes all points outside a compact piecewise
linear subspace.
In order to show that the natural projection π˜ : W˜ → [0, 1] ×∆p is a piecewise linear
submersion of codimension d, we observe first that the restriction of π˜ on
W˜(−∞,a0− ǫ2 ) ∪ W˜(a0+ ǫ2 ,a1− ǫ2 ) ∪ W˜(a1+ ǫ2 ,∞) (33)
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is a submersion of codimension d since on this open set it agrees with the projection
Id[0,1] × π : [0, 1] ×W → [0, 1] × ∆
p. On the other hand, for i = 0 and i = 1, the
restriction of π˜ on
W˜(ai−ǫ,ai+ǫ) (34)
is equal to the composite
W˜(ai−ǫ,ai+ǫ)
x1×π˜−→ (ai − ǫ, ai + ǫ)× [0, 1]×∆
p → [0, 1]×∆p
where the second map is just the projection onto the last two components, which is
obviously a submersion of codimension 1. By Proposition 3.3 we have that the first map
in this composite is a submersion of codimension d− 1 since
(x1, π) :W(ai−ǫ,ai+ǫ) → (ai − ǫ, ai + ǫ)×∆
p
is a submersion of codimension d− 1 and
W˜(ai−ǫ,ai+ǫ) = f
∗W(ai−ǫ,ai+ǫ),
where f : (ai − ǫ, ai + ǫ)× [0, 1]×∆p → (ai − ǫ, ai + ǫ)×∆p is the piecewise linear map
defined by (s, t, λ) 7→ (j(s, t), λ). It follows then that the restriction of π˜ on W˜(ai±ǫ) is
also a submersion of codimension d for both i = 0, 1. Since the open sets in (33) and
(34) cover all of W˜ , we conclude that π˜ : W˜ → [0, 1]×∆p is a submersion of codimension
d.
By the way we constructed W˜ , we have that this is an element of ψd(N, 1)([0, 1]×∆p)
for which we have the following:
· Both a0 and a1 are fiberwise regular values for the projection x1 : W˜ → R.
· W˜ is a concordance between W and an element W ′ of ψd(N, 1)
(
∆p
)
which is the
underlying polyhedron of a p-simplex in D⊥d (R
N )•,1.
Furthermore, for i = 0, 1 we also have that
W˜(ai−ǫ,ai+ǫ),[0,1]×∂∆p = (ai − ǫ, ai + ǫ)× [0, 1]×Wai,∂∆p .
It follows that the homotopy F : [0, 1]× |∆p•| → |Dd(RN )•,1| obtained from the concor-
dance W˜ is a homotopy of maps of pairs
(|∆p•|, |∂∆
p
•|)→
(
|Dd(R
N )•,1|, |D
⊥
d (R
N )•,1|
)
with F1(|∆
p
•|) ⊆ |D⊥d (R
N )•,1| and we conclude that i•,1 is a weak homotopy equivalence.
A completely analogous argument shows that i•,q is a weak homotopy equivalence for
all q ≥ 0 and we therefore have that i•,• induces a weak homotopy equivalence between
geometric realizations.
Finally, we compare the spaces
∥∥D(RN )•,•∥∥ and ∣∣∣ψ˜Rd (N, 1)•∣∣∣.
Proposition 5.16. There is a weak equivalence
∥∥Dd(RN )•,•∥∥ ≃→ ∣∣∣ψ˜Rd (N, 1)•∣∣∣.
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Proof. For each p-simplex W of ψ˜Rd (N, 1)•, let (RW ,≤) be the sub-poset of (R,≤)
consisting of those values a ∈ R which are fiberwise regular values for the projection
x1 : W → R. Observe that if we apply the geometric realization functor along the sec-
ond simplicial direction of Dd(RN )•,• we obtain a ∆-space G• whose set of p-simplices
is exactly equal to
Gp =
∐
W∈ψR
d
(N,1)p
{W} ×B(RW ,≤).
But since each B(RW ,≤) is contractible, we have that each component of the map of
∆-spaces g• : G• → ψ˜Rd (N, 1)• defined by (W,λ) 7→W is a weak homotopy equivalence.
Therefore, the induced map between geometric realizations
|g•| :
∥∥Dd(RN )•∥∥→ ∣∣∣ψ˜Rd (N, 1)•∣∣∣ .
is also a weak homotopy equivalence.
By letting N →∞ in (32), we obtain a diagram of weak equivalences of the form
‖N•Cd•‖
≃
←
∥∥D⊥d•,•∥∥ ≃→ ‖Dd•,•‖ ≃→ ∣∣∣ψ˜Rd (∞, 1)•∣∣∣ ≃→ ∣∣ψRd (∞, 1)•∣∣ ,
where Dd•,• and D⊥d•,• are the obvious colimits. Since all the spaces in this chain of
weak equivalences are CW-complexes, we obtain the following proposition.
Proposition 5.17. There is a homotopy equivalence
BCPLd
≃
−→ |ψRd (∞, 1)•|.
In the following section we prove that the inclusion ψRd (N, 1)• →֒ ψd(N, 1)• is a weak
equivalence when N − d ≥ 3, which would then complete the proof of Theorem 5.1.
6 The inclusion ψRd (N, 1)• →֒ ψd(N, 1)•
6.1 Preliminary lemmas and outline of the proof
The aim of this section is to prove the following result.
Theorem 6.1. If N−d ≥ 3, then the inclusion of simplicial sets ψRd (N, 1)• →֒ ψd(N, 1)•
is a weak homotopy equivalence.
Instead of proving directly that ψRd (N, 1)• →֒ ψd(N, 1)• is a weak homotopy equivalence,
we will show instead that the corresponding morphism of ∆-sets
ψ˜Rd (N, 1)• →֒ ψ˜d(N, 1)•
is a weak equivalence. This is sufficient for proving Theorem 6.1 given that the obvious
maps |ψ˜Rd (N, 1)•|
≃
→ |ψRd (N, 1)•| and |ψ˜d(N, 1)•|
≃
→ |ψd(N, 1)•| make the diagram
|ψ˜Rd (N, 1)•|
  //
≃

|ψ˜d(N, 1)•|
≃

|ψRd (N, 1)•|
  // |ψd(N, 1)•|
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commutative. The reason why we prove Theorem 6.1 for ∆-sets instead of simplicial sets
is because our proof will make use of the subdivision map ρ : |ψ˜d(N, 1)•| → |ψ˜d(N, 1)•|
defined in section §4, which is a piece of structure only available when we work with
∆-sets.
Throughout this section the ∆-sets ψ˜Rd (N, 1)• and ψ˜d(N, 1)• shall be denoted simply
by ψRd (N, 1)• and ψd(N, 1)• respectively. We start the proof of Theorem 6.1 with the
following lemma.
Lemma 6.2. Any map of pairs f : (∆p, ∂∆p)→
(
|ψd(N, 1)•|, |ψRd (N, 1)•|
)
is homotopic,
as a map of pairs, to a composite of the form
(∆p, ∂∆p)
f ′
→
(
|K•|, |K
′
•|
) |h|
→
(
|ψd(N, 1)•|, |ψ
R
d (N, 1)•|
)
where (K•,K
′
•) is a pair of finite ∆-sets obtained from a pair (K,K
′) of finite ordered
Euclidean simplicial complexes.
Proof. Since ∆p is compact, the image of the map f intersects only finitely many sim-
plices of |ψd(N, k)•|. Let L• be the sub-∆-set of ψd(N, k)• generated by these simplices
and let L′• be the sub-∆-set of L• generated by those simplices which intersect the image
f(∂∆p). In particular, L′• is a sub-∆-set of ψ
R
d (N, 1)•.
Recall that one of the properties of the subdivision map ρ : |ψd(N, 1)•| → |ψd(N, 1)•| is
that for any morphism g : S• → ψd(N, 1)• of ∆-sets and any non-negative integer k ≥ 0
there is a morphism
g′ : sdkS• → ψd(N, 1)•
whose geometric realization makes the following diagram commutative
|S•|
|g|

h−1
k //
∣∣∣sdkS•∣∣∣
|g′|

|ψd(N, 1)•|
ρk // |ψd(N, 1)•| .
In this diagram, h−1k is the inverse of the canonical homeomorphism hk :
∣∣∣sdkS•∣∣∣→ |S•|.
Since the map f : (∆p, ∂∆p)→ (|ψd(N, 1)| ,
∣∣ψRd (N, 1)∣∣) is equal to the composite map
(∆p, ∂∆p)
f ′
→ (|L•| , |L
′
•|) →֒ (|ψd(N, 1)•| ,
∣∣ψRd (N, 1)•∣∣),
where f ′ is the map obtained by restricting the target of f to |L•|, we have by the
property of the subdivision map indicated above that f is homotopic to a composite of
the form
(∆p, ∂∆p)→ (
∣∣sd2(L•)∣∣ , ∣∣sd2(L′•)∣∣) |g|→ (|ψd(N, 1)•| , ∣∣ψRd (N, 1)•∣∣). (35)
Furthermore, since Γ
(
[0, 1]× |ψRd (N, 1)•|
)
⊆ |ψRd (N, 1)•|, where Γ is the homotopy be-
tween ρ and Id|ψd(N,1)| defined in the proof of 4.7, we have that the map (35) is homotopic
to f as a map of pairs.
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Finally, since the second barycentric subdivision sd2(X•) of any finite ∆-set X• is iso-
morphic to a ∆-set K• obtained from a finite ordered simplicial complex K, we can
replace in (35) the pair (sd2(L•), sd
2(L′•)) with a pair (K•,K
′
•) induced by a pair of
finite ordered simplicial complexes (K,K ′).
Remark 6.3. Let ρ : |ψd(N, 1)•| → |ψd(N, 1)•| be the subdivision map of ψd(N, 1)•
and let W be a p-simplex of ψRd (N, 1)•. If σ is any simplex, say of dimension q, of sd∆
p
and if δ : ∆q → σ is the simplicial isomorphism which preserves the order relation on
the set of vertices, then the pull back δ∗W is a q-simplex of ψRd (N, 1)•. It follows that ρ
is a map of pairs from
(
|ψd(N, 1)•|, |ψRd (N, 1)•|
)
to itself. Similarly, if Γ is the homotopy
between Id|ψd(N,1)| and ρ defined in the proof of Theorem 4.7, then we also have that
Γ
(
[0, 1]× |ψRd (N, 1)•|
)
⊆ |ψRd (N, 1)•|.
These observations will be used in the outline of the proof of Theorem 6.1 given at the
end of this subsection.
Notation 6.4. Let P be an arbitrary polyhedron and consider the product P × R ×
(−1, 1)N−1. In this section, we will denote the projection P × R × (−1, 1)N−1 → R by
t1. Also, for any element W in ψd(N, 1)
(
P
)
we will denote the restriction t1|W by x1.
The following proposition, which we will prove in §6.3, is the main technical result we
shall use to show that any class in πp
(
|ψd(N, 1)•|, |ψRd (N, 1)•|
)
is trivial.
Proposition 6.5. Assume that N − d ≥ 3. Let P be a compact polyhedron, let β be
some fixed real constant and let W be an element in ψd(N, 1)
(
P
)
. There is an element
W˜ in ψd(N, 1)
(
[0, 1]× P
)
which satisfies the following properties:
i) W˜ agrees with [0, 1]×W in t−11
(
(−∞, β]
)
.
ii) W˜ is a concordance between W and an element W ′ in ψd(N, 1)
(
P
)
for which there
is a finite open cover U1, . . . , Uq of P such that, for each j = 1, . . . , q, the projection
x1 :W
′
Uj
→ R
has a fiberwise regular value aj ∈ (β,∞).
Proof of Theorem 6.1. At this point it is convenient to give the proof of Theorem
6.1 assuming Proposition 6.5. We shall enumerate the steps of the proof and we remark
that apart from step iii) none of the other steps need any further details:
i) Let f : (∆p, ∂∆p)→
(
|ψd(N, 1)•| ,
∣∣ψRd (N, 1)•∣∣ ) be any map of pairs. By Lemma 6.2
we can assume that f is homotopic as a map of pairs to a composite map of the form:
(∆p, ∂∆p)
f ′
→ (|K•|, |K
′
•|)
|g|
→
(
|ψd(N, 1)•| ,
∣∣ψRd (N, 1)•∣∣ ) (36)
where (K•,K
′
•) is a pair of finite ∆-sets obtained from a pair of finite ordered simplicial
complexes (K,K ′).
ii) By Remark 3.24, the morphism g classifies a unique elementW of ψd(N, 1)
(
|K|
)
from
which we can recover the morphism g. Since g(K ′•) ⊆ ψ
R
d (N, 1)•, we can find for each
simplex σ of the simplicial complex K ′ a fiberwise regular value aσ of the projection
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x1 : Wσ → R. Pick such a regular value aσ for each simplex σ ∈ K ′, and fix once and
for all some real constant β larger than max{aσ : σ ∈ K ′}.
iii) By Proposition 6.5, there is an element W˜ in ψd(N, 1)
(
[0, 1] × |K|
)
which agrees
with [0, 1]×W in t−11
(
(−∞, β]
)
, where β is the real constant we fixed in step ii), and
which is a concordance between W and an element W ′ in ψd(N, 1)
(
|K|
)
for which there
is a finite open cover U1, . . . , Uq of |K| such that, for each j = 1, . . . , q, the projection
x1 :W
′
Uj
→ R
has a fiberwise regular value aj ∈ (β,∞).
iv) From the concordance W˜ we can produce a homotopy
F : [0, 1]× |K•| → |ψd(N, 1)•|
such that F0 agrees with the map |g| in (36) and such that F1 is equal to the geometric
realization of the morphism
g′ : K• → ψd(N, 1)•
which classifies the element W ′ in ψd(N, 1)
(
|K|
)
. Furthermore, since W˜ agrees with
[0, 1] ×W in t−11
(
(−∞, β]
)
, we have that F is actually a homotopy of maps of pairs
(|K•|, |K ′•|)→
(
|ψd(N, 1)•|, |ψRd (N, 1)•|
)
.
v) Using the Lebesgue Number Lemma, we can find a large enough positive integer k > 0
so that each simplex σ of sdkK is contained in one of the open sets of the cover U1, . . . , Uq
given in step iii). Thus, for each simplex σ of sdkK we have that the projection
x1 :W
′
σ → R
has a fiberwise regular value, which implies that the image of the composition ρk ◦ |g′|
lies entirely in |ψRd (N, 1)•|. Furthermore, by Remark 6.3 we have that |g
′| and ρk ◦ |g′|
are homotopic as maps of pairs (|K•|, |K
′
•|)→
(
|ψd(N, 1)•|, |ψ
R
d (N, 1)•|
)
.
vi) Finally, by concatenating the following homotopies
f ∼ |g| ◦ f ′ ∼ |g′| ◦ f ′ ∼ ρk ◦ |g′| ◦ f ′
we obtain that the map f from step i) represents the trivial class in πp
(
|ψd(N, 1)•|,
|ψRd (N, 1)•|
)
. Since f was any map of pairs (∆p, ∂∆p)→
(
|ψd(N, 1)•|, |ψRd (N, 1)•|
)
, we
conclude that the inclusion ψRd (N, 1)• →֒ ψd(N, 1)• is a weak homotopy equivalence.
In the next subsection, we state some results about extensions of piecewise linear iso-
topies which we’ll need for the proof of 6.5. Finally, in §6.3 we give the proof of Propo-
sition 6.5, which would then complete the proof of Theorem 6.1.
6.2 The Isotopy Extension Theorem
One of the main tools we are going to use in the proof of Proposition 6.5 is the Isotopy
Extension Theorem of Hudson, [Hu2]. Before giving its statement, we need to introduce
the following list of definitions.
50
Definition 6.6. 1. Let Mm and Qq be piecewise linear manifolds with M compact.
A pl map f :M × In → Q× In is said to be an n-isotopy if it is a piecewise linear
embedding and if it commutes with the projection onto In.
2. A piecewise linear n-isotopy f : M × In → Q × In is said to be allowable if for
some piecewise linear (m − 1)-submanifold N of ∂M we have that i−1t (∂Q) = N
for all t ∈ In. N may be empty or it can be the whole of ∂M .
3. An ambient n-isotopy of Q is a piecewise linear homeomorphism h : Q × In →
Q× In which commutes with the projection onto In and such that h0 = IdQ
4. An n-isotopy f of M into Q is said to be fixed on X ⊆ M if ft|X = f0|X for all
t ∈ In.
5. An ambient n-isotopy h of Q is said to extend the n-isotopy f : M × In → Q× In
if ht ◦ f0 = ft for all t ∈ In.
Isotopy Extension Theorem 6.7. Let f :M×In → Q×In be an allowable piecewise
linear isotopy of M in Q, fixed on f−10 (∂Q). If q − m ≥ 3, then there is an ambient
piecewise linear n-isotopy of Q, fixed on ∂Q × In, which extends f . Furthermore, if B
is a subpolyhedron of In, with 0 ∈ B, for which there is a piecewise linear retraction
r : In → B and a piecewise linear homeomorphism h′ : Q×B → Q×B which commutes
with the projection onto B and which extends f |B ×M , then the ambient n-isotopy h
can be chosen to agree with h′ on B ×Q.
Proof. The first claim of this proposition is Theorem 2 of [Hu2] and details of its proof
can be found in that article. Suppose now that B is a subpolyhedron in In, with 0 ∈ B,
for which there is a piecewise linear retraction r : In → B. Suppose further that there
is a piecewise linear homeomorphism h′ : Q × B → Q × B which commutes with the
projection onto B, which extends f |M × B, and which at time 0 ∈ In is equal to IdQ.
If h˜ : Q × In → Q × In is any ambient n-isotopy which extends f , then the map
h : Q × In → Q × In which at time t ∈ In is given by ht = h˜t ◦ h˜
−1
r(t) ◦ h
′
r(t) is also an
ambient n-isotopy of Q by Proposition 3.6. Clearly this map agrees with h′ on Q × B
and by pre-composing h˜t ◦ h˜
−1
r(t) ◦ h
′
r(t) with f0 we obtain
h˜t ◦ h˜
−1
r(t) ◦ h
′
r(t) ◦ f0 = h˜t ◦ h˜
−1
r(t) ◦ fr(t) = h˜t ◦ f0 = ft.
Thus, we also have that h extends f .
Using Proposition 3.7 and the second claim of Proposition 6.7, we can prove the following
useful corollary. In this statement, b will denote the point (0, . . . , 0) in In.
Corollary 6.8. Let Mm be a pl manifold and let P p be a compact subpolyhedron of M
such that P ⊆M−∂M and such that m−p ≥ 3. If f : P ×In →M×In is an n-isotopy
of embeddings of P into M such that fb is equal to the natural inclusion P →֒M , then
there is an ambient isotopy
G : [0, 1]× In ×M → [0, 1]× In ×M
parametrized by [0, 1]× In which satisfies the following:
i) G1 = IdIn×M .
ii) G0 extends the isotopy g.
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iii) G(0,b) = IdM .
Proof. Let c : [0, 1]× In → In be a pl map which satisfies the following properties:
· If i0 : In →֒ [0, 1] × In is the map defined by α 7→ (0, α), then the composite
In
i0
→֒ [0, 1]× In
c
→ In is equal to the identity map IdIn .
· c
(
(1, α)
)
= b for all points α in In.
· There is a subpolyhedron S of [0, 1]× In such that
{(0, b)} ∪ {1} × In ⊆ S ⊆ c−1(b)
and for which there is a pl retraction r : [0, 1]× In → S.
Using Proposition 3.7, we have that the map
g˜ : [0, 1]× In × P → [0, 1]× In ×M
defined by (t, α, x) 7→
(
t, α, gc(t,α)(x)
)
is an isotopy of pl embeddings of P into M
parametrized by [0, 1] × In. Moreover, by construction we have that the restriction
g˜|S×P is equal to the natural inclusion S × P →֒ S ×M . By the Isotopy Extension
Theorem, there is an ambient isotopy
G : [0, 1]× In ×M → [0, 1]× In ×M
of M such that
g˜ = G ◦ (Id[0,1]×In × g˜b).
Furthermore, since the identity map covers g˜|S×P , then by the second claim of Propo-
sition 6.7 we can assume that G|S×M = IdS×M .
6.3 Proof of Proposition 6.5
Proposition 6.5 is an immediate consequence of the following more technical lemma,
whose proof will occupy the rest of this section.
Lemma 6.9. Let Mm be a pl manifold, possibly with boundary, let P be a compact
subpolyhedron of M such that P ⊆ M − ∂M , let β be some fixed real constant and let
W be an element in ψd(N, 1)
(
M
)
. Then, there is an element W˜ in ψd(N, 1)
(
[0, 1]×M
)
and finitely many open sets V1, . . . , Vq in M − ∂M which satisfy the following:
i) W˜ agrees with [0, 1]×W in t−11
(
(−∞, β]
)
.
ii) V1, . . . , Vq cover P .
iii) W˜ is a concordance between W and an element W ′ in ψd(N, 1)
(
M
)
such that for
each of the open sets V1, . . . , Vq the projection
x1 :W
′
Vj
→ R
has a fiberwise regular value aj ∈ (β,∞).
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Proof of Proposition 6.5. Let us give the proof of Proposition 6.5 assuming Lemma
6.9. Let then P be a compact polyhedron, let β be some fixed real constant and let
W be an element in ψd(N, 1)
(
P
)
. Without loss of generality, we can assume that P is
embedded in some Euclidean space, say Rm. Let M be a regular neighborhood of P in
R
m, let r :M → P be some pl retraction, and let W ′ denote the pull back ofW along r.
M is an m-dimensional pl manifold with boundary such that P ⊆ M − ∂M . Applying
Lemma 6.9 to M,P,W ′ and β, we obtain an element W˜ in ψd(N, 1)
(
[0, 1] ×M
)
and
finitely many open sets V1, . . . , Vq in M − ∂M which satisfy claims i), ii) and iii) of 6.9.
Finally, it is clear that the concordance W˜[0,1]×P and the open sets
U1 := V1 ∩ P, . . . , Uq := Vq ∩ P
satisfy claims i) and ii) of Proposition 6.5.
For the proof of Lemma 6.9, we are going to need lemmas 6.10, 6.11 and 6.14 given
below. The reader is advised to skip the proofs of these three lemmas at a first reading
and jump directly to the proof of 6.9, given after Lemma 6.14.
Lemmas 6.10 and 6.11 are the results we are going to use to produce fiberwise regular
values. Also, is in 6.10 that we are going to make use of Hudson’s Isotopy Extension
Theorem.
Note. In the proofs of 6.10 and 6.11 we are going to make use of the following notation:
If W is an element in ψd(N, 1)
(
M
)
and if λ ∈ M , then the pre-image of a subspace
S ⊆ R under the projection
x1 :Wλ → R
will be denoted by Wλ,S .
Lemma 6.10. Let M be a compact m-dimensional piecewise linear manifold (possibly
with boundary), let W be an element of ψd(N, 1)
(
M
)
, and let β be a fixed real constant.
Assume that N − d ≥ 3. Then, for each λ ∈ M − ∂M there is a regular neighborhood
Vλ of λ in M − ∂M , values aλ,0, . . . , aλ,m in R, and piecewise linear automorphisms
Fλ,0, . . . , Fλ,m of [0, 1]× Vλ × R× (−1, 1)N−1 which satisfy the following:
i) aλ,j ∈ (β + j +
1
4 , β + j +
3
4 ).
ii) Fλ,j commutes with the projection onto [0, 1]× Vλ.
iii) Fλ,j0 is the identity map on Vλ × R× (−1, 1)
N−1.
iv) Fλ,j is supported on t−11
(
[β + j + 14 , β + j +
3
4 ]
)
v) Fλ,j
(
[0, 1]×WVλ
)
is a concordance betweenWVλ and an elementW
′ of ψd(N, 1)
(
Vλ
)
such that aλ,j is a fiberwise regular value of the projection
x1 :W
′ → R.
Proof. In order to make our notation less cumbersome we shall only prove this lemma
in the case when β = 0. Fix a value j in {0, . . . ,m}. By Proposition 2.25, we can find
a value
a ∈ (j +
1
4
, j +
3
4
)
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which is a regular value (in the sense of Definition 2.24) for the projection
x1 :Wλ → R,
i.e., there is a pl homeomorphism
h : [a− δ′, a+ δ′]×Wλ,a
∼=
→Wλ,[a−δ′,a+δ′] (37)
such that x1◦h is equal to the projection onto [a−δ′, a+δ′]. We can assume without loss
of generality that [a− δ′, a+ δ′] ⊆ (j+ 14 , j+
3
4 ). From now on, we will denote the ‘cylin-
der’Wλ,[a−δ′,a+δ′] simply by Cδ′ and denote the product [j+
1
4 , j+
3
4 ]×(−1, 1)
N−1 by Q.
Let now V and U be open neighborhoods of λ and Cδ′ in M and Wλ respectively for
which there is a normalized product chart
g : V × U →WV (38)
around Cδ′ for the submersion π :W →M . The existence of such a chart g is guaranteed
by Proposition 3.2. Let us denote again by g the map obtained by composing (38) with
the natural inclusion WV →֒ V × R× (−1, 1)
N−1. We can assume that
gα
(
Cδ′
)
⊆ Q
for each α ∈ V (shrinking V if necessary) and that V is a regular neighborhood of λ
in M − ∂M . The restriction of g on V × Cδ′ is then an m-isotopy of embeddings from
Cδ′ into Q such that gλ is the natural inclusion Cδ′ →֒ Q. Applying Corollary 6.8, we
obtain an ambient isotopy
G : [0, 1]× V ×Q→ [0, 1]× V ×Q,
parametrized by [0, 1]× V , which satisfies the following:
· G1 = IdIn×Q.
· G0 extends the isotopy g.
· G(0,λ) = IdQ.
Furthermore, we can assume that G fixes all points in [0, 1]×V ×∂Q. By pre-composing
G with Id[0,1] ×G
−1
0 , we obtain a new ambient isotopy
F ′ : [0, 1]× V ×Q→ [0, 1]× V ×Q
which fixes all points in [0, 1]× V × ∂Q, at time t = 0 is the identity on V ×Q, and at
time t = 1 satisfies
F ′1
(
g(V × Cδ′ )
)
= V × Cδ′ . (39)
Since F ′ fixes all points in [0, 1]× V × ∂Q, we can extend F ′ to a pl automorphism
F : [0, 1]× V × R× (−1, 1)N−1 → [0, 1]× V × R× (−1, 1)N−1
by setting (t, α, x) 7→ (t, α, x) for each point x ∈ R × (−1, 1)N−1 not in Q. By con-
struction we have that F commutes with the projection onto [0, 1] × V and that F0
is just the identity. Therefore, F
(
[0, 1] × WV
)
is a concordance between WV and
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some new element F1(WV ) of ψd(N, 1)
(
V
)
. Furthermore, by construction we have that
F(1,λ) = IdR×(−1,1)N−1, which implies that F1(WV )λ =Wλ.
We now wish to show that, after possibly shrinking V , there is a small enough value
δ > 0 so that
F1(WV )[a−δ,a+δ] = V ×Wλ,[a−δ,a+δ]. (40)
If we manage to find such V and δ, we will have that a is a fiberwise regular value of
x1 : F1(WV )→ R since the product
IdV × h : V × [a− δ, a+ δ]×Wλ,a → V ×Wλ,[a−δ,a+δ], (41)
where h is the map from (37), is a pl homeomorphism such that the composite (π, x1) ◦
(IdV × h) is equal to the projection onto V × [a − δ, a+ δ]. In both (40) and (41), we
are identifying the fiber F1(WV )λ with Wλ.
First, fix a value δ′′ > 0 smaller than δ′ > 0. Observe that V could have been chosen to
be a small enough regular neighborhood of λ so that for the normalized product chart
g given in (38) we have that
Wα,[a−δ′′,a+δ′′] ⊆ gα
(
Wλ,(a−δ′,a+δ′)
)
(42)
for each point α in V . In order to obtain (40), we shall use the following observation:
Observation. For any δ > 0 smaller than δ′′ > 0 we can pick an m-dimensional pl ball
V ′ ⊆ V such that λ ∈ intV ′ and such that
F(1,α)
((
[j +
1
4
, j +
3
4
]− (a− δ′′, a+ δ′′)
)
× (−1, 1)N−1
)
and
[a− δ, a+ δ]× (−1, 1)N−1
are disjoint for each α ∈ V ′.
This observation just follows from the fact that F(1,λ) is the identity map on R ×
(−1, 1)N−1.
Choose then any value δ > 0 smaller than δ′′ > 0, and let V be a smaller regular
neighborhood of λ for which the previous observation holds. We claim that equation (40)
holds with this choice of δ and V . In order to show that the inclusion V ×Wλ,[a−δ,a+δ] ⊆
F1(WV )[a−δ,a+δ] holds, we first observe that
V ×Wλ,[a−δ′,a+δ′] ⊆ F1(WV )[a−δ′,a+δ′]
since V ×Wλ,[a−δ′,a+δ′] is contained in the image of F1. By intersecting both sides of
this last inclusion with t−11
(
[a− δ, a+ δ]
)
, we get that
V ×Wλ,[a−δ,a+δ] ⊆ F1(WV )[a−δ,a+δ].
To verify that the other inclusion in (40) also holds, we shall for each α ∈ V decompose
the fiber Wα into the following three subspaces:
Aα = x
−1
1
(
[a±δ′′]
)
, Bα = x
−1
1
(
[j+
1
4
, j+
3
4
]−(a±δ′′)
)
, Cα = x
−1
1
(
R−[j+
1
4
, j+
3
4
]
)
.
55
By the observation given above, we have that
F(1,α)(Bα) ∩ [a± δ]× (−1, 1)
N−1 = ∅.
Also, since F1 is supported on V × [j +
1
4 , j +
3
4 ]× (−1, 1)
N−1, we also have that
F(1,α)(Cα) ∩ [a± δ]× (−1, 1)
N−1 = ∅.
Finally, by (42) we have
Aα ⊆ gα(Wλ,(a±δ′))
for each α ∈ V . Since the right hand side of this inclusion is equal to G(0,α)
(
Wλ,(a±δ′)
)
and since F1 = G
−1
0 , we obtain that
F(1,α)(Aα) ⊆Wλ,(a±δ′),
which in turn implies that
F1(WV )[a−δ,a+δ] ⊆ V ×Wλ,[a−δ,a+δ]
since we already had that F(1,α)(Bα) and F(1,α)(Cα) do not intersect [a − δ, a + δ] ×
(−1, 1)N−1 for each α in V .
The previous argument shows that for any j = 0, . . . ,m there is a regular neighborhood
Vj of λ inM−∂M , a value aj in (j+
1
4 , j+
3
4 ), and a pl automorphism F
j of [0, 1]×Vj×R×
(−1, 1)N−1 over [0, 1]×Vj supported on t
−1
1
(
[j+ 14 , j+
3
4 ]
)
such that F j
(
[0, 1]×WVj
)
is a
concordance betweenWVj and an elementW
′ in ψd(N, 1)
(
Vj
)
such that aj is a fiberwise
regular value for x1 :W
′ → R. Finally, if V is any regular neighborhood of λ contained
in
⋂m
j=0 intVj , then we have that V , a0, . . . , am and the restrictions of F
0, . . . , Fm to
[0, 1]× V × R× (−1, 1)N−1 satisfy all the claims listed in the statement of this lemma.
Lemma 6.11. Let Mm be a compact piecewise linear manifold (possibly with boundary),
let W be an element of ψd(N, 1)
(
M
)
, let β be some fixed real constant, and let λ ∈
M − ∂M . Let Vλ be the regular neighborhood of λ in M − ∂M , aλ,0, . . . , aλ,m the values
in R, and Fλ,0, . . . , Fλ,m the piecewise linear automorphisms obtained in Lemma 6.10.
Then, for any j ∈ {0, . . . ,m} and any pair of m-dimensional piecewise linear balls
(U ′, U) in intVλ such that U ⊆ intU ′, there is a piecewise linear automorphism F˜ of
[0, 1]×M × R× (−1, 1)N−1 which satisfies the following properties:
i) F˜ commutes with the projection onto [0, 1]×M .
ii) F˜0 is the identity map on M × R× (−1, 1)N−1.
iii) F˜ is supported on
[0, 1]× U ′ × [β + j +
1
4
, β + j +
3
4
]× (−1, 1)N−1.
iv) F˜ agrees with Fλ,j in
[0, 1]× U × R× (−1, 1)N−1.
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v) F˜
(
[0, 1] ×W
)
is a concordance between W and an element W ′ in ψd(N, 1)
(
M
)
such that aλ,j is a fiberwise regular value for the projection
x1 :W
′
U → R.
Proof. Again, without loss of generality, we shall only work with the case when β = 0.
Let us denote the pl homeomorphism Fλ,j simply by F and let f : [0, 1]×Vλ → [0, 1]×Vλ
be a piecewise linear map which satisfies the following properties:
· f |[0,1]×U = Id[0,1]×U .
· f |{0}×Vλ = Id{0}×Vλ .
· f(t, x) = (0, x) if x ∈ cl(Vλ − U ′).
See the remark following this proof for an explanation on how to define the map f . The
map
F˜ : [0, 1]× Vλ ×
(
R× (−1, 1)N−1
)
→ [0, 1]× Vλ ×
(
R× (−1, 1)N−1
)
defined by F˜ (t, α, x) = (t, α, Ff(t,α)(x)) is a piecewise linear homeomorphism which
commutes with the projection onto [0, 1]× Vλ. Furthermore, F˜ can be extended to all
of [0, 1] ×M × R × (−1, 1)N−1 by setting F˜ (t, α, x) = (t, α, x) if α ∈ M − U ′ and it
is straightforward to verify that F˜ satisfies claims i)-iv) listed in the statement of this
lemma. Finally, claim v) follows from the fact that F1(WVλ) and F˜1(W ) give the same
element in ψd(N, 1)
(
U
)
.
Remark 6.12. We now indicate how to define the map f : [0, 1]×Vλ → [0, 1]×Vλ that
we used at the beginning of the proof of 6.11. For this construction, we are going to need
the following piecewise linear product : the real valued function · : [0, 1]× [0, 1] → [0, 1]
which maps a tuple (x, y) to its product x·y is not a pl function. However, it is piecewise
linear when we restrict it on the boundary of [0, 1]× [0, 1]. In fact, if L′ is the obvious
simplicial complex which triangulates ∂
(
[0, 1] × [0, 1]
)
, then · : [0, 1] × [0, 1] → [0, 1] is
linear on each simplex of L′. Let now L denote the join {(12 ,
1
2 )} ∗ L
′. L is a simpli-
cial complex which triangulates [0, 1] × [0, 1] and we define p : |L| → [0, 1] to be the
unique map which is linear on each simplex of L and which sends each vertex (x, y) of L
to the product x·y. We shall refer to this function as the piecewise linear product on [0, 1].
In order to define the map f : [0, 1]× Vλ → [0, 1]× Vλ, observe first that (Vλ, U ′, U) is
a triad of regular neighborhoods of λ in intM such that U ⊆ intU ′ and U ′ ⊆ intVλ. By
the Combinatorial Annulus Theorem (see Corollary 3.19 in [RS1]), we can assume that
(Vλ, U
′, U) = ([−3, 3]m, [−2, 2]m, [−1, 1]m).
Let s : Rm → [0,∞) be the piecewise linear map which sends a vector (x1, . . . , xm)
to max{|x1|, . . . , |xm|} and let φ : R → [0, 1] be a piecewise linear function which is
constantly equal to 1 on [−1, 1] and constantly equal to 0 on R− [−3, 3]. Finally, let
f : [0, 1]× [−3, 3]m → [0, 1]× [−3, 3]m
be the map defined by
f(t, x) =
(
p
(
t, φ ◦ s(x)
)
, x
)
.
It follows from Proposition 2.18 that f is indeed a piecewise linear map and we leave it
to the reader to verify that f satisfies the three properties listed in the proof of Lemma
6.11.
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Lemma 6.14 below describes a convenient method for obtaining open covers for compact
subpolyhedra in a manifold using simplicial complexes. Before stating the lemma, we
need to introduce the following definition.
Definition 6.13. Let K be a finite simplicial complex in some Euclidean space. Let σ
be a simplex of K with barycentric point b(σ). A subset σ˜ of σ is called a concentric
subsimplex of σ if:
1. σ˜ = σ if dimσ = 0
2. There is a value 0 < t0 < 1 such that
σ˜ = {(1− t) · b(σ) + t · x : x ∈ ∂σ, 0 ≤ t ≤ t0}
if dimσ > 0.
Lemma 6.14. Let Mm be a compact piecewise linear manifold (possibly with boundary)
embedded in some Euclidean space, let P be a compact subpolyhedron of M contained in
M − ∂M , and let U = {Vα}α∈Λ be a collection of open sets in M which cover P . Let
K be a simplicial complex which triangulates P and which is subordinate to U . Then,
for each simplex σ of K there is a concentric subsimplex σ˜ and compact neighborhoods
Uσ, U
′
σ of σ˜ which satisfy the following properties:
i) Uσ ⊆ intU ′σ and Uσ, U
′
σ are regular neighborhoods of σ˜ in M − ∂M . In particular,
both compact neighborhoods are m-dimensional piecewise linear balls.
ii) For each simplex σ of K, the open set U ′σ is contained in an open set Vα of the
cover U .
iii) U ′σ1 ∩ U
′
σ2
= ∅ if σ1 6= σ2 and dimσ1 = dimσ2.
iv) The collection {intUσ}σ∈K is an open cover for P .
Proof. Let p be the dimension of P . We are going to define the concentric simplices
σ˜ and the compact neighborhoods Uσ and U
′
σ by induction on the dimension of the
simplices of K. Let then α1, . . . , αq be the vertices of K and let Vi be an open set of
the cover U which contains the vertex αi. Since |K| is Hausdorff, we can find open
sets U˜α1 , . . . , U˜αp such that αi ∈ U˜αi and U˜αi ∩ U˜αj = ∅ if i 6= j. Furthermore, we
can assume that each U˜αi is contained in Vi and in M − ∂M . Finally, for each αi pick
regular neighborhoods Uαi and U
′
αi
contained in U˜αi such that Uαi ⊆ intU
′
αi
. This
completes the first step of the induction argument. Suppose now that for every simplex
σ of the q-skeleton Kq of K, q < p, there is a concentric simplex σ˜ of σ and regular
neighborhoods Uσ and U
′
σ of σ˜ in M − ∂M such that Uσ ⊆ intU
′
σ, the collection of open
sets {intUσ}σ∈Kq covers |Kq|, U ′σ1∩U
′
σ2
= ∅ if σ1 and σ2 are two distinct simplices of the
same dimension, and each U ′σ is contained in an element of U . For each (q + 1)-simplex
β of K, pick a concentric sub-simplex β˜ such that
cl(β − β˜) ⊆
⋃
σ∈Kq
Uσ
and let Vβ be an open set of the cover Λ which contains β. Observe that all the concentric
simplices β˜ are disjoint since the interiors of any pair of (q + 1)-simplices are disjoint.
Since |K| is a normal space, we can find for each β˜ an open neighborhood U˜β which is
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contained in Vβ ∩ (M −∂M) and such that U˜β1 ∩ U˜β2 = ∅ whenever β˜1 6= β˜2. Finally, for
each concentric simplex β˜ pick regular neighborhoods Uβ and U
′
β inside U˜β such that
Uβ ⊆ intU ′β. By the way we defined the regular neighborhoods Uβ and U
′
β , we have
that {intUσ}σ∈Kq+1 is an open cover of |K
q+1| and that the collection {U ′σ, Uσ}σ∈Kq+1
satisfies conditions i), ii), and iii) given in the statement of this lemma.
Proof of Lemma 6.9. By 6.10, we can find for each λ ∈ P a regular neighborhood
Vλ of λ in M − ∂M , values aλ,0, . . . , aλ,m in R, and piecewise linear automorphisms
Fλ,0, . . . , Fλ,m of [0, 1] × Vλ × R × (−1, 1)
N−1 which satisfy all the claims listed in
Lemma 6.10.
Pick finitely points λ1, . . . , λq in P such that the interiors of the regular neighborhoods
Vλ1 , . . . , Vλq cover P , and let K be a simplicial complex which triangulates P . By the
Lebesgue Number Lemma, we can assume that each simplex σ of K is contained in
one of the open sets intVλj . Now, by Lemma 6.14 we can find for each simplex σ of
K a concentric subsimplex σ˜ and regular neighborhoods U ′σ, Uσ of σ˜ which satisfy the
following conditions:
· Uσ ⊆ intU ′σ.
· There is an i ∈ {1, . . . , q} such that U ′σ ⊆ intVλi .
· If σ1 6= σ2 and dimσ1 = dimσ2, then U ′σ1 ∩ U
′
σ2
= ∅.
· {intUσ}σ∈K is an open cover for P .
For each simplex σ in K we fix an open set Vλi such that U
′
σ ⊆ intVλi . Denote this set
by Vσ , and denote the value aλi,dimσ and the pl automorphism F
λi,dimσ respectively by
aσ and F
σ.
By Lemma 6.11, there is for each σ ∈ K a piecewise linear automorphism F˜ σ of [0, 1]×
M × R× (−1, 1)N−1 which is supported on
[0, 1]× U ′σ × [β + dimσ +
1
4
, β + dimσ +
3
4
]× (−1, 1)N−1,
which commutes with the projection onto [0, 1]×M , which is the identity at time t = 0,
which agrees with F σ in [0, 1]× Uσ × R× (−1, 1)N−1, and such that the image
F˜ σ
(
[0, 1]×W
)
is a concordance between W and an element W ′ in ψd(N, 1)
(
M
)
such that aσ is a
fiberwise regular value for the projection
x1 :W
′
Uσ
→ R.
Observe that all the supports of the pl maps F˜ σ are disjoint. Indeed, if σ1 and σ2 are
two simplices of different dimension, then the supports of F˜ σ1 and F˜ σ2 are obviously
disjoint. On the other hand, if σ1 and σ2 are simplices of the same dimension, then we
will have that U ′σ1 ∩ U
′
σ2
= ∅. We can then compose all the maps F˜ σ to obtain a pl
automorphism
F : [0, 1]×M × R× (−1, 1)N−1 → [0, 1]×M × R× (−1, 1)N−1
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whose image F
(
[0, 1]×W
)
, which we will denote by W˜ , is an element of ψd(N, 1)
(
[0, 1]×
M
)
which is a concordance between W and an element Ŵ of ψd(N, 1)
(
M
)
such that
the value aσ is a fiberwise regular value of the projection
x1 : ŴUσ → R
for each simplex σ of K. Thus, we have that W˜ and {intUσ}σ∈K satisfy claims ii) and
iii) of Lemma 6.9. Finally, since each of the pl maps F σ fixes all points in t−11
(
(−∞, β]
)
,
we also have that W˜ satisfies point i) of 6.9.
This concludes the proof that the inclusion of ∆-sets ψRd (N, 1)• →֒ ψd(N, 1)• is a
weak homotopy equivalence when N − d ≥ 3. As it was observed at the begin-
ning of this section, this implies that the corresponding inclusion of simplicial sets
ψRd (N, 1)• →֒ ψd(N, 1)• is also a weak homotopy equivalence, which then completes
the proof of Theorem 5.1.
In the next section, we conclude the proof of the main theorem of this article by showing
that there is a weak homotopy equivalence |ψd(N, 1)•|
≃
−→ ΩN−1|Ψd(RN )•| when N −
d ≥ 3. From now on, we shall continue working with simplicial sets instead of ∆-sets
unless it is noted otherwise.
7 The equivalence |ψd(N, 1)•|
≃
−→ ΩN−1|Ψd(RN)•|
7.1 The scanning map
Recall that the base point of the space |Ψd(RN )•| is the vertex corresponding to the
0-simplex ∅ (see Remark 3.10). We will define a map
S˜ : |ψd(N, 1)•| −→ Ω
N−1|Ψd(R
N )•|
by first defining for each 1 ≤ k ≤ N − 1 a map
Sk : |ψd(N, k)•| −→ Ω|ψd(N, k + 1)•|. (43)
This map Sk, which we will refer to as the scanning map, will be the adjoint of a map
T : [−1, 1]×|ψd(N, k)•| → |ψd(N, k+1)•| whose construction is almost identical to that
of the map TN in (15) which was used to define the structure maps of the spectrumΨPLd .
The definition of T is as follows. Let f : [0, 1)→ [0,∞) be the same increasing piecewise
linear homeomorphism used in §3.4 and let
F,G : [0, 1)×∆p × Rk × RN−k → [0, 1]×∆p × Rk+1 × RN−k−1
be piecewise linear embeddings defined by
F (t, λ, x1, . . . , xk, y1, . . . , yN−k) = (t, λ, x1, . . . , xk, y1 + f(t), . . . , yN−k)
G(t, λ, x1, . . . , xk, y1, . . . , yN−k) = (t, λ, x1, . . . , xk, y1 − f(t), . . . , yN−k).
Moreover, let sp,0 be the unique morphism [p]→ [0] in the category ∆ and let
(
[−1, 1]×
ψd(N, k)
)
•
be the push-out of the diagram
∆1• × ψd(N, k)•
i
←− ψd(N, k)•
i
−→ ∆1• × ψd(N, k)•
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where i : ψd(N, k)• →֒ ∆1• × ψd(N, k)• sends a p-simplex W to (s
∗
p,00,W ). Reproducing
the construction given in §3.4, we can use the embeddings F and G to define two
morphisms of simplicial sets
T+ : ∆1• × ψd(N, k)• → ψd(N, k + 1)•
T− : ∆1• × ψd(N, k)• → ψd(N, k + 1)•
which send each p-simplex of the form (s∗p,01,W ) to the p-simplex of ψd(N, k + 1)•
corresponding to the empty manifold and such that both T+ ◦ i and T− ◦ i are equal
to the standard inclusion ψd(N, k)• →֒ ψd(N, k + 1)•. It follows that T−, T+ make the
following diagram commute
ψd(N, k)•
i //
i

∆1• × ψd(N, k)•
j+
 T+

∆1• × ψd(N, k)•
j− //
T− --
(
[−1, 1]× ψd(N, k)
)
•
ψd(N, k + 1)•
(44)
and by the characteristic property of colimits, there is a map of simplicial sets T :(
[−1, 1]× ψd(N, k)
)
•
→ ψd(N, k + 1)• such that T+ = T ◦ j+ and T− = T ◦ j−.
Definition 7.1. Let T : [−1, 1]× |ψd(N, k)
)
•
| → |ψd(N, k + 1)•| be the composite
[−1, 1]× |ψd(N, k)•|
h˜−1
−→ |([−1, 1]× ψd(N, k))•|
|T |
−→ |ψd(N, k + 1)•|
where the first map is the inverse of the obvious homeomorphism h˜ : |([−1, 1]×ψd(N, k))•| →
[−1, 1]× |ψd(N, k)•|. The scanning map
Sk : |ψd(N, k)•| → Ω|ψd(N, k + 1)•|
is the adjoint of the map T .
The base point of the loops in Ω|ψd(N, k + 1)•| is the vertex •N corresponding to the
0-simplex ∅. By the way we defined the map T , we have for each x in |ψd(N, k)•| that
the image T (±1, x) is equal to •N . Therefore, the image of the map Sk indeed lies in
Ω|ψd(N, k + 1)•|.
We define the map S˜ : |ψd(N, 1)•| → ΩN−1|Ψd(RN )•| as the composite
S˜ = ΩN−2SN−1 ◦ . . . ◦ S1 (45)
and we will show that it is a weak homotopy equivalence, in the case when N − d ≥ 3,
by proving the following result.
Theorem 7.2. The scanning map
Sk : |ψd(N, k)•| → Ω|ψd(N, k + 1)•|
is a weak homotopy equivalence if N − d ≥ 3 and 1 ≤ k ≤ N − 1.
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The proof of Theorem 7.2 is quite lengthy, and it will occupy subsections §7.2, §7.3, §7.4,
as well as the first half of §7.5. From now on we will drop the subscript k from Sk and
denote the scanning map simply by S.
Note. For the proof of Theorem 7.2, we shall assume that the underlying polyhedron
W of a p-simplex in ψd(N, k)• is contained in ∆
p × Rk × (0, 1)N−k.
7.2 Decomposition of the scanning map
Instead of proving directly that the scanning map is a weak homotopy equivalence, we
are going to express it as the composite of three maps, and prove that each of these is
a weak homotopy equivalence.
Before we can give this decomposition, we need to introduce the following subsimplicial
sets of ψd(N, k)•.
Definition 7.3. 1. ψ∅d(N, k)• will denote the path component of the vertex ∅ in
ψd(N, k)•.
2. ψ0d(N, k)• is the subsimplicial set of ψd(N, k)• whose set of p-simplices consists
of those elements W ∈ ψd(N, k)p for which there is a piecewise linear function
f : ∆p → R such that
Wλ ∩
(
R
k−1 × {f(λ)} × (0, 1)N−k
)
= ∅
for each λ ∈ ∆p.
Observe that ψ∅d(N, k)• is a Kan simplicial set. Also, it is easy to prove that each vertex
of ψ0d(N, k)• is concordant with the vertex ∅, which implies that ψ
0
d(N, k)• is a subsim-
plicial set of ψ∅d(N, k)•.
We also need to introduce the following bisimplicial set.
Definition 7.4. Nψd(N, k)•,• is the bisimplicial set whose set of (p, q)-simplices consists
of all tuples (W, f0, . . . , fq), where W is a p-simplex of ψd(N, k + 1)• and the fi’s are
piecewise linear maps ∆p → R such that
f0(λ) ≤ . . . ≤ fq(λ) (46)
for all λ ∈ ∆p and such that
Wλ ∩
(
R
k × {fj(λ)} × (0, 1)
N−k−1
)
= ∅ (47)
for each j in {0, . . . , q} and for each λ ∈ ∆p.
The structure map of Nψd(N, k)•,• associated to a morphism η×δ : [p′]× [q′]→ [p]× [q]
in ∆×∆ is defined by(
η × δ
)∗(
W, f0 ≤ . . . ≤ fq
)
=
(
η∗W, fδ(0) ◦ η∗, . . . , fδ(q′) ◦ η∗
)
where η∗ : ∆
p′ → ∆p is the linear map induced by η.
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Observe that there is a forgetful map
f : ‖Nψd(N, k)•,•‖ → |ψ
0
d(N, k + 1)•| (48)
obtained by forgetting all the functions fj . Indeed, let ψ̂
0
d(N, k+1)•,• be the bisimplicial
set whose set of (p, q)-simplices is given by
ψ̂0d(N, k + 1)p,q = ψ
0
d(N, k + 1)p.
The structure map (η× δ)∗ in ψ̂0d(N, k+1)•,• induced by a morphism η× δ : [p
′]× [q′]→
[p]× [q] is the function which sends a (p, q)-simplex W to the (p′, q′)-simplex η∗W (i.e.,
all the structure maps in the second simplicial direction are identity maps). There is an
obvious homeomorphism
h :
∥∥∥ψ̂0d(N, k + 1)•,•∥∥∥ ∼=→ |ψ0d(N, k + 1)•|
and we define the forgetful map (48) to be the map obtained by pre-composing this
homeomorphism with the geometric realization of the morphism of bisimplicial sets
F•,• : Nψd(N, k)•,• → ψ̂
0
d(N, k + 1)•,• (49)
which sends a (p, q)-simplex (W, f0 ≤ . . . ≤ fq) to W .
We claim that the scanning map defined in 7.1 is homotopic to a composite of the form
|ψd(N, k)•| → Ω ‖Nψd(N, k)•,•‖ → Ω|ψ
0
d(N, k + 1)•| → Ω|ψ
∅
d(N, k + 1)•| (50)
where the base point of the loops in Ω ‖Nψd(N, k)•‖ is the vertex corresponding to
the (0, 0)-simplex (∅, 0). The last map in this composition is the one induced by the
inclusion ψ0d(N, k+1)• →֒ ψ
∅
d(N, k+1)•, and the second map is the one induced by the
forgetful map (48). The first map will be defined in the following subsection.
The aim is now to show that each map in (50) is a weak equivalence and that this
composite is homotopic to the scanning map. We start with the following proposition.
Proposition 7.5. The forgetful map f : ‖Nψd(N, k)•,•‖ → |ψ
0
d(N, k + 1)•| is a weak
homotopy equivalence. Consequently, the second map in (50) is a weak homotopy equiv-
alence.
Proof. For each p-simplex W of ψ0d(N, k+1)• let FW be the partially ordered set of all
piecewise linear functions f : ∆p → R for which we have
Wλ ∩
(
R
k × {f(λ)} × (0, 1)N−k−1
)
= ∅
for all λ ∈ ∆p. Each partially ordered set FW has the property that for any finite set
{f0, . . . , fq} ⊆ FW we can find a function f ∈ FW with the property that f0, . . . , fq ≤ f .
Namely, take
f = max{f0, . . . , fq}.
It follows then that each classifying space BFW is contractible. Finally, the contractabil-
ity of the classifying spaces BFW implies that for each p ≥ 0 the map of simplicial sets
Fp,• : Nψd(N, k)p,• → ψ̂
0
d(N, k + 1)p,•
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is a weak homotopy equivalence, and by the Realization Lemma for bisimplicial sets (see
[Ro], Proposition 6.6.1) we have that the morphism of bisimplicial sets F•,• given in (49)
is a weak homotopy equivalence. Therefore, the forgetful map f : ‖Nψd(N, k)•,•‖ →
|ψ0d(N, k + 1)•| is a weak homotopy equivalence.
The rest of this section is organized as follows: in 7.3 we will introduce the first map
in (50) and show that it is a weak homotopy equivalence using a group completion
argument which is also used in [GRW1]. In 7.4, the most technical part of this section,
we prove that the inclusion ψ0d(N, k)• →֒ ψ
∅
d(N, k)• is a weak homotopy equivalence when
k > 1. Finally, in 7.5 we show that the scanning map |ψd(N, k)•| → Ω|ψd(N, k + 1)•| is
homotopic to the composite map (50) and we finish the proof of the main theorem.
7.3 The group completion argument
In Proposition 7.6 below, we collect several properties of the bisimplicial setNψd(N, k)•,•
which we’ll need for the arguments presented in this subsection. Before stating this
proposition, we introduce the following notation: if W is a p-simplex of ψd(N, k + 1)•
and f : ∆p → R is a piecewise linear function, we will denote by
W + f
the image of W under the piecewise linear automorphism of ∆p × RN defined by
(λ, x1, . . . , xk+1, . . . , xN ) 7→ (λ, x1, . . . , xk+1 + f(λ), . . . , xN ).
It is clear that W + f is again a p-simplex of ψd(N, k + 1)•. Also, for any value a in R
we will denote by ca the constant map ∆
p → R which sends all points of ∆p to a.
Proposition 7.6. 1) For q > 0, the morphism of simplicial sets
ηq : ψd(N, k)• × . . .× ψd(N, k)•︸ ︷︷ ︸
q
→ Nψd(N, k)•,q
which sends a q-tuple (W1, . . . ,Wq) to
( q∐
j=1
(Wj + cj−1), c0, . . . , cq
)
,
is a weak homotopy equivalence.
2) If ∅• is the subsimplicial set of Nψd(N, k)•,0 whose unique p-simplex is the tuple
(∅, c0), then the inclusion ∅• →֒ Nψd(N, k)•,0 is a weak homotopy equivalence. In
particular, |Nψd(N, k)•,0| is contractible.
3) If βj : [1]→ [q] is the morphism in ∆ defined by βj(0) = j− 1 and βj(1) = j, then
the morphism
Bq• := (β
∗
1 , . . . , β
∗
q ) : Nψd(N, k)•,q → Nψd(N, k)•,1 × . . .×Nψd(N, k)•,1︸ ︷︷ ︸
q
is a weak homotopy equivalence.
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4) The function obtained by composing the bijection
π0
(
Nψd(N, k)•,1
)
× π0
(
Nψd(N, k)•,1
) ∼=
→ π0
(
ψd(N, k)•
)
× π0
(
ψd(N, k)•
)
induced by η1 and the function between path components induced by the composition
ψd(N, k)• × ψd(N, k)•
η2
→ Nψd(N, k)•,2
d1→ Nψd(N, k)•,1
is a product with respect to which π0
(
Nψd(N, k)•,1
)
is a group.
Proof. In order to make this proof easier to follow, we are going to switch the roles of the
coordinates x1 and xk+1. To prove 1), observe first that both ψd(N, k)•× . . .×ψd(N, k)•
and Nψd(N, k)•,q are Kan simplicial sets. Hence, in order to show that the morphism
ηq is a weak equivalence, it suffices to show that for each commutative diagram of the
form
|∂∆p•| _

|g′| // |ψd(N, k)
q
•|
|ηq|

|∆p•|
|g|// |Nψd(N, q)•,q |
(51)
there exists homotopies hs : |∆
p
•| → |Nψd(N, q)•,q| and fs : |∂∆
p
•| → |ψd(N, k)
q
•| such
that f0 = |g′|, h0 = |g|, |ηq| ◦ fs = hs||∂∆p•| for all s ∈ [0, 1], and f1 : |∂∆
p
•| → |ψd(N, k)
q
•|
admits an extension F : |∆p•| → |ψd(N, k)
q
•| such that |ηq| ◦ F = h1. Consider then a
diagram of the form (51) and let (W, f0 ≤ . . . ≤ fq) be the p-simplex of Nψd(N, k)•,q
classified by g. By assumption, we have that the map fj agrees with cj on ∂∆
p. It is pos-
sible to perturb the functions f0, . . . , fq, while keeping the restrictions f0|∂∆p , . . . , fq|∂∆p
fixed, so that fj < fj+1 for each j ∈ {0, . . . , q−1} and so thatWλ∩
(
R×(0, 1)N−1
)
does
not intersect the hyperplanes {fj(λ)}×RN−1 for each λ ∈ ∆p. Therefore, by stretching
W in the directions x2, . . . , xk+1 and leaving all remaining coordinates fixed, we can re-
place the p-simplex (W, f0 ≤ . . . ≤ fq) with a p-simplex of the form (W ′, g0 < . . . < gq)
for which we also have that gj |∂∆p = cj .
Using the Simplicial Approximation Theorem (see [Br]), we can find for each 0 ≤ j ≤ q
a piecewise linear homotopy
Hjt : ∆
p → R
between gj and cj which agrees with the constant homotopy on ∂∆
p and such that
Hit(λ) < H
j
t (λ) for all values t ∈ [0, 1] and λ ∈ ∆
p whenever i < j. Moreover, using
the Isotopy Extension Theorem (see [Hu2] and [KL]), we can find a piecewise linear
automorphism
F : [0, 1]×∆p × R→ [0, 1]×∆p × R
which commutes with the projection onto [0, 1] × ∆p, which is the identity when re-
stricted to {0}×∆p×R and [0, 1]×∂∆p×R, and such that F (t, λ, gj(λ)) = (t, λ,H
j
t (λ)).
Let F˜ denote the product F × IdRN−1 and let W˜ denote the image of [0, 1]×W
′ under
F˜ . Then, (W˜ ,H0, . . . , Hq) is a concordance between (W ′, g0, . . . , gq) and a p-simplex
of Nψd(N, k)•,q of the form (W
′′, c0, . . . , cq). Using Proposition 3.14, we can produce
from the concordance (W˜ ,H0, . . . , Hq) a homotopy h : [0, 1] × ∆p → |Nψd(N, k)•,q|
between |g| and the geometric realization of the morphism g′ which classifies the simplex
65
(W ′′, c0, . . . , cq). Furthermore, since F˜ is the identity on [0, 1] × ∂∆p × RN , we have
that the image ht(∂∆
p) is contained in Im|ηq| for all t in [0, 1]. Finally, since W ′′ does
not intersect x−11 (0) nor x
−1
1 (q), we can push to infinity those parts of W
′′ below x−11 (0)
and above x−11 (q) to obtain a concordance between (W
′′, c0, . . . , cq) and a p-simplex
(W ′′′, c0, . . . , cq) which lies in the image of η
q. Using again Proposition 3.14, we can
produce a homotopy relative to ∂∆p between h1 and a map which sends ∆
p to Im|ηq|.
This concludes the proof of 1). Also, observe that the arguments used in this proof can
be used to show that any diagram of the form
|∂∆p•|
_

// |∅•|
_

|∆p•| // |Nψd(N, q)•,0|
represents the trivial class in πp
(
|Nψd(N, k)•,0|, |∅•|
)
. This proves claim 2).
Statement 3) is basically a consequence of 1) and of the techniques used to prove that
statement. Indeed, let
|Nψd(N, k)•,1 × . . .×Nψd(N, k)•,1|
P
−→ |Nψd(N, k)•,1| × . . .× |Nψd(N, k)•,1|
and
|ψd(N, k)• × . . .× ψd(N, k)•|
Q
−→ |ψd(N, k)•| × . . .× |ψd(N, k)•|
be the canonical homeomorphisms from |Nψd(N, k)•,1×. . .×Nψd(N, k)•,1| to |Nψd(N, k)•,1|
× . . . × |Nψd(N, k)•,1| and from |ψd(N, k)• × . . . × ψd(N, k)•| to |ψd(N, k)•| × . . . ×
|ψd(N, k)•| respectively. Using the techniques used to prove 1), we can show that
P ◦ |Bq| ◦ |ηq|
is homotopic to (
|η1| × . . .× |η1|
)
◦Q,
which is a weak homotopy equivalence. Thus, P ◦ |Bq| ◦ |ηq| is also a weak equivalence,
which in turn implies that Bq is a weak homotopy equivalence.
In order to prove 4), we first have to introduce a bit of notation: for any interval
(a, b), we are going to denote by ψ
(a,b)
d (N, k + 1)• the subsimplicial set of ψd(N, k + 1)•
whose set of p-simplices consists of all W ∈ ψd(N, k + 1)p which are strictly contained
in ∆p × (a, b) × Rk × (0, 1)N−k−1. It is clear that any vertex of Nψd(N, k)•,1 is path
connected to a vertex (W,a, b) with W ∈ ψ
(a,b)
d (N, k)0. Let us denote by × the product
defined in the statement of 4). If we take two vertices (W1, a1, b1) and (W2, a2, b2) with
Wi ∈ ψ
(ai,bi)
d (N, k + 1)0 for i = 1, 2, then the product[
(W1, a1, b1)
]
×
[
(W2, a2, b2)
]
of the corresponding path components is equal to the path component[
(W1 ∪ (W2 + b1 − a2), a1, b1 + (b2 − a2))
]
.
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From this we immediately have that × is associative. Furthermore, for any vertex
(W,a, b) with W ∈ ψ
(a,b)
d (N, k + 1)0, we have that the products [(W,a, b)] × [(∅, c, d)]
and [(∅, c, d)]× [(W,a, b)] are respectively equal to
[(W,a, b+ (d− c))] [(W + d− a, c, d+ (b − a))].
It is easy to verify that both of these path components are equal to [(W,a, b)]. Therefore,
the path component which contains all the vertices of the form (∅, c, d) is the identity
element with respect to ×.
It remains to show that every path component of Nψd(N, k)•,1 has an inverse with
respect to ×. To do this, we again reverse the roles of x1 and xk+1 so that a triple
(W,a, b) is a vertex of Nψd(N, k)•,1 if
W ∩
(
R
k × {a} × (0, 1)N−k−1
)
= ∅
and
W ∩
(
R
k × {b} × (0, 1)N−k−1
)
= ∅.
Pick then a vertex (W,a, b). Assume without loss of generality that a = 0, b = 1, and
that W ∈ ψ
(0,1)
d (N, k + 1)0. The projection p : W → R
k onto the first k components of
R
N is a proper pl map, and by Lemma 2.25 we can find a regular value a ∈ Rk of the
projection p :W → Rk in the sense of Definition 2.24. If we denote by N the pre-image
p−1(a), which we can view as a pl submanifold of (0, 1)N−k, then by applying lemmas
7.15 and 3.29 we can show that (W, 0, 1) is concordant to (Rk × N, 0, 1) (see the last
paragraph of this proof). Therefore, we can from now on assume that (W, 0, 1) is of the
form (Rk ×N, 0, 1).
Pick a pl embedding e : R×(0, 1)→ R×(0, 3) whose image is equal to the one illustrated
in the following figure:
❄
✻
✲✛
x1
x23
2
1 2
Figure 1. Image of e.
Let E : Rk−1 ×
(
R× (0, 1)
)
×RN−k−1 → RN be equal to the product of maps IdRk−1 ×
e× IdRN−k−1 and consider the image E(W ). This image is a vertex of ψ
(0,3)
d (N, k + 1)•
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which is concordant to ∅ since it is empty at all heights xk > 2 and we can therefore push
it towards −∞ along the xk-axis. On the other hand, since W is of the form Rk×N , by
pushing E(W ) towards xk = ∞ we obtain a concordance between E(W ) and a vertex
of the form W
∐
W ′ with W ′ ∈ ψ
(2,3)
d (N, k + 1)0. This implies that the product[
(W, 0, 1)
]
×
[
(W ′, 2, 3)
]
is equal to [
(∅, 0, 3)
]
,
and we therefore have that the element
[
(W, 0, 1)
]
has an inverse with respect to ×.
It remains to justify why the vertex W is concordant to Rk ×N . Recall that N is the
pre-image of a ∈ Rk under the projection p :W → Rk. Assume without loss of generality
that a = 0. By Lemma 7.15, which we will state and prove in §7.4, we have that W is
concordant to another vertex W ′ which agrees with Rk ×N in (−δ, δ)k × (0, 1)N−k for
some δ > 0. Let h : [0, 1] × Rk → [0, 1] × Rk be an open piecewise linear embedding
which commutes with the projection onto [0, 1], which is the identity at time t = 0,
and which maps Rk onto (−δ, δ)k at time t = 1. Then, by applying Lemma 3.29 to
the embedding h × Id(0,1)N−k and the constant concordance [0, 1] ×W
′, we obtain a
concordance between W ′ and Rk ×N .
The following proposition, stated and proven in [Se], is the main tool that we are going
to use to prove that the first map in (50) is a weak homotopy equivalence (compare with
the statement of Lemma 3.14 in [GRW1]). For this proposition, we need to recall the
following notation that was already used in Proposition 7.6: given any j in {1, . . . , p},
we denote by βj the morphism [1]→ [p] in ∆ defined by βj(0) = j − 1 and βj(1) = j.
Proposition 7.7. Let X• be a simplicial space such that for each non-negative integer
p we have that
(β∗1 , . . . , β
∗
p) : Xp → X1 × . . .×X1︸ ︷︷ ︸
p
is a homotopy equivalence (when p = 0, this means that X0 is contractible). Then, the
adjoint
X1 → ΩX0 |X•|
of the natural map [−1, 1]×X1 → |X•| is a homotopy equivalence if and only if X• is
group-like, i.e., π0(X1) is a group with respect to the product induced by the face map
d1 : X2 → X1.
In this statement, ΩX0 |X•| denotes the space of paths in |X•| which start and end in X0,
which we view as a subspace of |X•|. If we apply the geometric realization functor to the
first simplicial direction of Nψd(N, k)•,•, we obtain a simplicial space whose space of k-
simplices is equal to |Nψd(N, k)•,k|. In order to apply Proposition 7.7 to this simplicial
space, we need to prove first the following lemma.
Lemma 7.8. The simplicial space [k] 7→ |Nψd(N, k)•,k| satisfies the assumptions stated
in Proposition 7.7.
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Proof. In this proof, the simplicial set Nψd(N, k)•,k shall be denoted by Nk and the
simplicial space [k] 7→ |Nψd(N, k)•,k| shall be denoted simply by N•. The contractabil-
ity of N0 = |N0| and the fact that N• is group-like follow respectively from points 2)
and 4) of 7.6.
For each p ≥ 1, the map
(β∗1 , . . . , β
∗
p) : Np → N1 × . . .×N1︸ ︷︷ ︸
p
is equal to the diagonal map in the following commutative diagram
|Np|
|Bp|//
''◆◆
◆◆
◆◆
◆◆
◆◆
◆◆
|N1 × . . .×N1|

|N1| × . . .× |N1|,
where the horizontal map is the geometric realization of the morphism Bp• defined in
point 2) of 7.6, and the j-th component of the vertical map is just the geometric realiza-
tion of the morphism pj which projects the product onto its j-th component. Since by
Proposition 7.6 we have that Bk• is a weak homotopy equivalence and since the vertical
map is a homeomorphism, we have that the diagonal map is also a weak homotopy
equivalence.
For the definition of the first map in (50), we need to introduce the following auxiliary
constructions: consider again the adjoint T of the scanning map S : |ψd(N, k)•| →
Ω|ψd(N, k+1)•| (see Definition 7.1), and let T −, T + be the restrictions of T to [−1, 0]×
|ψd(N, k)•| and [0, 1]×|ψd(N, k)•| respectively. Moreover, for any real number a ∈ R let
ψ<ad (N, k + 1)• (resp. ψ
>a
d (N, k + 1)•) be the subsimplicial set of ψd(N, k + 1)• where
p-simplices W are required to be strictly contained in ∆p×Rk × (−∞, a)× (0, 1)N−k−1
(resp. ∆p × Rk × (a,∞)× (0, 1)N−k−1). Finally, let
T˜ − : [−1, 0]× |ψd(N, k)•| → ‖Nψd(N, k)•,•‖
be the composite
[−1, 0]× |ψd(N, k)•|
T −
→ |ψ<1d (N, k + 1)•| →֒ |Nψd(N, k)•,0| → ‖Nψd(N, k)•,•‖ ,
where the second map is the geometric realization of the inclusion defined by W 7→
(W, c1) and the third map is the obvious map from |Nψd(N, k)•,0| to ‖Nψd(N, k)•,•‖.
Similarly, we can define a map
T˜ + : [0, 1]× |ψd(N, k)•| → ‖Nψd(N, k)•,•‖
using the restriction T + and the simplicial set ψ>0d (N, k + 1)•.
The definition of the first map in the composite (50) will be done in four stages:
i) Consider first the composite
h′1 : |ψd(N, k)•|
|η1|
−→ |Nψd(N, k)•,1| −→ Ω|N0| ‖Nψd(N, k)•,•‖ , (52)
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where the second map is the adjoint of the natural map [−1, 1] × |Nψd(N, k)•,1| →
‖Nψd(N, k)•,•‖. Applying 1) of 7.6 and Proposition 7.7, we have that h′1 is a weak
homotopy equivalence.
ii) Let g′1 : [−1, 1]× |ψd(N, k)•| → ‖Nψd(N, k)•,•‖ be the adjoint of the map given in
(52) and let
g˜1 : [−1, 1]× |ψd(N, k)•| → ‖Nψd(N, k)•,•‖
be the map defined by
g˜1(t, x) =


T˜ −(2t+ 1, x) if t ∈ [−1, −12 ]
g′1(2t, x) if t ∈ [−
1
2 ,
1
2 ],
T˜ +(2t− 1, x) if t ∈ [ 12 , 1].
(53)
It is straight forward to show that the maps g′1 and g˜1 are homotopic.
iii) If
c : ∆1 ∼= [0, 1]→ |Nψd(N, k)•,0|
is the characteristic map of the 1-simplex (∅, i : [0, 1] →֒ R), with i the natural inclusion
of [0, 1] into R, then it is easy to verify that g˜1 is homotopic to the map
g1 : [−1, 1]× |ψd(N, k)•| → ‖Nψd(N, k)•,•‖
defined by
g1(t, x) =
{
c(1 + t) if t ∈ [−1, 0]
g˜1(−1 + 2t, x) if t ∈ [0, 1].
(54)
iv) Finally, let
h˜1 : |ψd(N, k)•| −→ Ω|N0| ‖Nψd(N, k)•,•‖
be the adjoint of the map g1. Observe that the image of h˜1 lies entirely in the loop space
Ω ‖Nψd(N, k)•,•‖ where loops are based at the vertex corresponding to the (0, 0)-simplex
(∅, 0). The first map in (50) will then be the map
h1 : |ψd(N, k)•| −→ Ω ‖Nψd(N, k)•,•‖ (55)
obtained by restricting the target of h˜1 to Ω ‖Nψd(N, k)•,•‖.
We conclude this subsection by proving the following.
Proposition 7.9. The map h1 : |ψd(N, k)•| → Ω ‖Nψd(N, k)•,•‖ defined in (55) is a
weak homotopy equivalence.
Proof. As it was indicated above, the adjoint g′1 of the map
h′1 : |ψd(N, k)•| → Ω|N0| ‖Nψd(N, k)•,•‖
defined in i) is homotopic to the map g1 defined in iii). Since h
′
1 : |ψd(N, k)•| →
Ω|N0| ‖Nψd(N, k)•,•‖ is a weak homotopy equivalence, the adjoint h˜1 of g1 is a weak
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homotopy equivalence as a map into Ω|N0| ‖Nψd(N, k)•,•‖. Finally, observe that the
maps h1 and h˜1 fit into the following commutative diagram
|ψd(N, k)•|
h˜1//
h1
((❘❘
❘❘
❘❘
❘❘
❘❘
❘❘
❘❘
Ω|N0| ‖Nψd(N, k)•,•‖
Ω ‖Nψd(N, k)•,•‖ .
 ?
OO
By the contractability of |N0| we have that the right vertical inclusion is a weak homotopy
equivalence, which then implies the result of this proposition.
7.4 The inclusion ψ0
d
(N, k)• →֒ ψ
∅
d
(N, k)•
It remains to show that the last map in the composite (50) is a weak homotopy equiva-
lence. This will follow from the following proposition.
Proposition 7.10. Assume that N−d ≥ 3. Then, the inclusion ψ0d(N, k)• →֒ ψ
∅
d(N, k)•
is a weak homotopy equivalence when k > 1.
As we did in the proof of Theorem 6.1, we are going to prove 7.10 by proving that the
corresponding inclusion of ∆-sets ψ˜0d(N, k)• →֒ ψ˜
∅
d(N, k)• is a weak homotopy equiva-
lence. For the rest of this subsection, unless it is otherwise noted, we shall denote the
∆-sets ψ˜0d(N, k)• and ψ˜
∅
d(N, k)• simply by ψ
0
d(N, k)• and ψ
∅
d(N, k)• respectively.
Note 7.11. 1. In the proof of Proposition 7.10, we shall work with the norm ‖·‖ in
R
k defined by
‖(x1, . . . , xk)‖ = max{|x1|, . . . , |xk|}.
Furthermore, B(a, δ) shall denote the closed ball centered at a ∈ Rk with radius
δ > 0.
2. Also, for this proof we will again interchange the roles of the coordinates xk and
x1. In particular, a p-simplexW of ψd(N, k)• is in ψ
0
d(N, k)p if there is a piecewise
linear function f : ∆p → R such that for each λ in ∆p we have that
Wλ ∩
(
{f(λ)} × Rk−1 × (0, 1)N−k
)
= ∅.
Notation 7.12. LetW be an element in ψd(N, k)
(
P
)
. In the proof of 7.10 we are going
to use the following notation:
1. xk : W → Rk is the projection from W onto Rk, i.e., the second factor of P ×Rk×
(0, 1)N−k.
2. tk : P × Rk × (0, 1)N−k → Rk is the projection onto Rk.
3. t1 : P × Rk × (0, 1)N−k → R is the projection onto the first component of Rk.
The overall structure of the proof of Proposition 7.10 is almost identical to that of
Theorem 6.1 once we have the following lemma.
Lemma 7.13. Assume that N − d ≥ 3 and let k > 1. Let P be a compact polyhedron,
let β be some fixed real constant, and let W be an element in ψ∅d(N, k)
(
P
)
. Then, there
is an element W˜ in ψ∅d(N, k)
(
[0, 1]× P
)
which satisfies the following properties:
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i) W˜ agrees with [0, 1]×W in t−11
(
(−∞, β]
)
.
ii) W˜ is a concordance between W and an element W ′ in ψ∅d(N, k)
(
P
)
for which there
is a finite open cover U1, . . . , Uq of P and real values a1, . . . , aq > β such that for
j = 1, . . . , q we have
W ′λ ∩
(
{aj} × R
N−1
)
= ∅
for each λ ∈ Uj.
Proof of Proposition 7.10. Let us give the proof of Proposition 7.10 assuming Lemma
7.13. Consider a map of pairs
f : (∆p, ∂∆p)→
( ∣∣∣ψ∅d(N, k)•∣∣∣ , ∣∣ψ0d(N, k)•∣∣ ). (56)
By an argument completely analogous to the one given in the proof of Lemma 6.2, we
have that f is homotopic (as a map of pairs) to a composite of the form
(∆p, ∂∆p)
f ′
→ (|K•| , |K
′
•|)
|h|
→ (
∣∣∣ψ∅d(N, k)•∣∣∣ , ∣∣ψ0d(N, k)•∣∣)
where (K•,K
′
•) is a pair of finite ∆-sets obtained from a pair of finite ordered simplicial
complexes (K,K ′) in some Euclidean space Rm.
Let W be the element of ψ∅d(N, k)
(
|K|
)
classified by the morphism h. Since h(K ′•) ⊆
ψ0d(N, k)•, then for each simplex σ of K
′ there is a piecewise linear function fσ : σ → R
such that
Wσ ∩ (Γ(fσ)× R
k−1 × (0, 1)N−k) = ∅.
Fix some real constant β larger than all the maximal values of the functions fσ. By
applying Lemma 7.13 to W and β, we can find an element W˜ in ψ∅d(N, k)
(
[0, 1]× |K|
)
which agrees with [0, 1] ×W in t−11
(
(−∞, β]
)
and which is a concordance between W
and an element W ′ in ψ∅d(N, k)
(
|K|
)
for which there is a finite open cover U1, . . . , Uq of
|K| such that for j = 1, . . . , q there is a real value aj > β such that
W ′λ ∩
(
{aj} × R
N−1
)
= ∅
for each λ ∈ Uj . Finally, by arguments completely analogous to the ones given in
steps iv), v) and vi) of the proof of Theorem 6.1, we can conclude that the map f
in (56) represents the trivial class in πp
( ∣∣ψ∅d(N, k)•∣∣ , ∣∣ψ0d(N, k)•∣∣ ), which gives us that
ψ0d(N, k)• →֒ ψ
∅
d(N, k)• is a weak homotopy equivalence.
Lemma 7.13 is in turn an immediate corollary of the following lemma, whose statement
is similar to that of Lemma 6.9.
Lemma 7.14. Let Mm be a pl manifold (possibly with boundary), let P be a compact
subpolyhedron of M such that P ⊆ M − ∂M , let β be some fixed real constant, and let
W be an element in ψ∅d(N, k)
(
M
)
. Then, there is an element W˜ in ψ∅d(N, k)
(
[0, 1]×M
)
and finitely many open sets V1, . . . , Vq in M − ∂M which satisfy the following:
i) W˜ agrees with [0, 1]×W in t−11
(
(−∞, β]
)
.
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ii) V1, . . . , Vq cover P .
ii) W˜ is a concordance between W and an element W ′ in ψ∅d(N, k)
(
M
)
such that for
each of the open sets V1, . . . , Vq there is a real value aj > β such that
W ′λ ∩
(
{aj} × R
N−1
)
= ∅
for each λ ∈ Vj .
Proof of Lemma 7.13. Assuming Lemma 7.14, the proof of Lemma 7.13 is identical
to the proof of Proposition 6.5 and the reader is referred to that proof for more details.
For the proof of 7.14 we shall need lemmas 7.15, 7.16, 7.17, 7.18 and 7.19 given below.
The reader is advised to skip the proofs of 7.15, 7.16, 7.17 and 7.18 at a first reading
and instead just read carefully their statements and then jump to the proof of Lemma
7.19, which is the main tool we are going to use to prove Lemma 7.14.
Lemma 7.15. Let W be an element of ψd(N, k)
(
[−1, 1]m
)
and let π : W → [−1, 1]m
be the projection onto [−1, 1]m. Let a = (a1, . . . , ak) ∈ Rk and δ′ > 0 be such that the
restriction
(π, xk)|
x
−1
k
(
B(a,δ′)
) : x−1k (B(a, δ′))→ [−1, 1]m ×B(a, δ′)
is a pl submersion of codimension d− k. Finally, let M := (π, xk)−1
(
(0, a)
)
(which is a
closed pl manifold of dimension d−k). Then, for any 0 < ǫ < 1 and any 0 < δ < δ′ there
is an element W˜ in ψd(N, k)
(
[0, 1]× [−1, 1]m
)
which satisfies the following conditions:
i) i∗0W˜ = W , where i0 is the inclusion [−1, 1]
m →֒ [0, 1] × [−1, 1]m defined by λ 7→
(0, λ).
ii) W˜[0,1]×V =
(
[0, 1]×W
)
[0,1]×V
for a neighborhood V of ∂[−1, 1]m.
iii) For any point (t, λ) in [0, 1]× [−1, 1]m, the fiber W˜(t,λ) agrees with Wλ in t
−1
1
(
R−
[a1 − δ′, a1 + δ′]
)
.
iv) If i1 is the inclusion [−1, 1]m →֒ [0, 1] × [−1, 1]m defined by λ 7→ (1, λ) and if
W ′ := i∗1W˜ , then for each λ ∈ [−ǫ, ǫ]
m we have
W ′λ ∩ t
−1
k
(
B(a, δ)
)
= B(a, δ)×M.
In this last identity, we view M as a closed (d− k)-dimensional pl submanifold of
(0, 1)N−k.
Proof. Without loss of generality, we are only going to do this proof in the case when a
is the origin in Rk, δ′ = 1 (i.e., B(a, δ′) = [−1, 1]k), and δ = ǫ.
Consider first the element [0, 1]×W in ψd(N, k)
(
[0, 1]× [−1, 1]m
)
. Let π′ : [0, 1]×W →
[0, 1]× [−1, 1]m be the projection onto [0, 1]× [−1, 1]m and let M˜ denote the pre-image
of [0, 1]× [−1, 1]m× (−1, 1)k under (π′, xk). By assumption, we have that the restriction
of (π′, xk) on M˜ is a submersion of codimension d− k and each fiber of this restriction
is pl homeomorphic to M . Pick now any value ǫ′ such that 0 < ǫ < ǫ′ < 1 and let
f : [0, 1] × [−1, 1]m+k → [0, 1] × [−1, 1]m+k be a piecewise linear map satisfying the
following conditions:
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· f |{0}×[−1,1]m+k = Id{0}×[−1,1]m+k .
· f fixes each point in [0, 1]×
(
[−1, 1]m+k − (−ǫ′, ǫ′)m+k
)
.
· f maps {1} × [−ǫ, ǫ]m+k to (1, 0).
Applying Proposition 3.3 to (π′, xk)|M˜ : M˜ → [0, 1] × [−1, 1]
m × (−1, 1)k and to the
restriction of f on [0, 1]× [−1, 1]m× (−1, 1)k, we obtain a subpolyhedron M ′ of [0, 1]×
[−1, 1]m× (−1, 1)k× (0, 1)N−k such that the projection from M ′ onto [0, 1]× [−1, 1]m×
(−1, 1)k is a piecewise linear submersion of codimension d− k and such that
M ′ ∩
(
{1} × [−ǫ, ǫ]m+k × (0, 1)N−k
)
=
(
{1} × [−ǫ, ǫ]m+k
)
×M.
Observe that the projection of M ′ onto [0, 1]× [−1, 1]m is a piecewise linear submersion
of codimension d since it can be expressed as the following composite of projections
M ′ → [0, 1]× [−1, 1]m × (−1, 1)k → [0, 1]× [−1, 1]m.
Let F be the pl map from [0, 1]× [−1, 1]m×Rk× [0, 1]N−k to itself which fixes all points
in [0, 1] × [−1, 1]m ×
(
R
k − [−ǫ′, ǫ′]k
)
× [0, 1]N−k and which agrees with f × Id[0,1]N−k
on [0, 1] × [−1, 1]m × [−1, 1]k × [0, 1]N−k. Notice that F is well defined given that
the function f fixes all points in [0, 1] ×
(
[−1, 1]m+k − (−ǫ′, ǫ′)m+k
)
. Let W˜ denote
the pre-image F−1
(
[0, 1] × W
)
. W˜ is a closed subpolyhedron of [0, 1] × [−1, 1]m ×
R
k × [0, 1]N−k (and therefore also a closed subpolyhedron of [0, 1] × [−1, 1]m × RN
which is strictly contained in [0, 1]× [−1, 1]m×Rk × (0, 1)N−k) since it is the pre-image
of a subpolyhedron under a pl map with compact support. Moreover, the projection
π˜ : W˜ → [0, 1]× [−1, 1]m is a pl submersion of codimension d since on (π˜, xk)−1
(
[0, 1]×
[−1, 1]m × (Rk − [−ǫ′, ǫ′]k)
)
it agrees with π′ : [0, 1]×W → [0, 1]× [−1, 1]m and on the
pre-image (π˜, xk)
−1
(
[0, 1]× [−1, 1]m× (−1, 1)k), which is equal to M ′, it agrees with the
projection M ′ → [0, 1]× [−1, 1]m. By the way we defined the pl automorphism F , it is
evident that the concordance W˜ satisfies claims i), ii) and iii) listed in the statement
of this lemma. Finally, setting W ′ := i∗1W˜ , it is also clear that
W ′ ∩
(
[−ǫ, ǫ]m ×B(0, ǫ)× (0, 1)N−k
)
= [−ǫ, ǫ]m ×B(0, ǫ)×M.
Lemma 7.16. Let W ∈ ψd(N, k)
(
[−1, 1]m
)
, a = (a1, . . . , ak) ∈ Rk, δ′ > 0 and Md−k
be as in the statement of Lemma 7.15. Then, for any 0 < ǫ < 1 and any 0 < δ < δ′
there exists a W˜ in ψd(N, k)
(
[0, 1]× [−1, 1]m
)
with the following properties:
i) W˜ satisfies conditions i), ii) and iii) of Lemma 7.15.
ii) If W ′ := i∗1W˜ , then the fiber W
′
λ agrees with R
k ×M in
t−11
(
(a1 − δ, a1 + δ)
)
for each λ ∈ [−ǫ, ǫ]m.
Proof. Let ǫ′ and δ′′ be values such that 0 < ǫ < ǫ′ < 1 and 0 < δ < δ′′ < δ′. By Lemma
7.15 we can find an element Ŵ in ψd(N, k)
(
[0, 1]× [−1, 1]m
)
which satisfies conditions
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i), ii) and iii) of 7.15, and which is a concordance between W and an element W ′ in
ψd(N, k)
(
[−1, 1]m
)
such that
W ′λ ∩ t
−1
k
(
B(a, δ′′)
)
= B(a, δ′′)×M
for each λ in [−ǫ′, ǫ′]m. The goal is now to stretch the subspace W ′λ ∩ t
−1
k
(
B(a, δ′′)
)
in
the direction xk for each λ in [−ǫ, ǫ]m, but without changing the fiber W ′λ in the region
t−11
(
R− (a1 − δ′, a1 + δ′)
)
. This is done with the following stretching map: choose first
an open piecewise linear embedding e : [0, 1]×Rk → [0, 1]×Rk over [0, 1] which satisfies
the following:
· e is the identity on {0} × Rk and on [0, 1]× [a1 ± δ′′]c × Rk−1.
· e maps {1} × (a1 ± δ)× Rk−1 onto {1} × intB(a, δ).
· e commutes with the projection onto the first component of Rk.
The construction of this map e will be given at the end of this proof. Using e we can
define an open piecewise linear embedding (the stretching map)
E : [0, 1]× [−1, 1]m × Rk × (0, 1)N−k → [0, 1]× [−1, 1]m × Rk × (0, 1)N−k
with the following properties:
· E commutes with the projection onto [0, 1]× [−1, 1]m.
· E agrees with the identity map on
{0} × [−1, 1]m × Rk × (0, 1)N−k,
[0, 1]×
(
[−1, 1]m − (−ǫ′, ǫ′)m
)
× Rk × (0, 1)N−k
and
[0, 1]× [−1, 1]m × (a1 ± δ
′′)c × Rk−1 × (0, 1)N−k.
· If
q : [0, 1]× [−1, 1]m × Rk × (0, 1)N−k → [−1, 1]m × [0, 1]× Rk × (0, 1)N−k
is the map that flips the first two factors, then E agrees with
q−1 ◦
(
Id[−1,1]m × e× Id(0,1)N−k
)
◦ q
on [0, 1]× [−ǫ, ǫ]m × Rk × (0, 1)N−k.
The details of the definition of the stretching map E will also be given at the end of
this proof. For now, let us conclude the proof of this lemma assuming the existence of
such a map E. By Proposition 3.29, the pre-image W˜ := E−1
(
[0, 1]×W ′
)
is an element
in ψd(N, k)
(
[0, 1]× [−1, 1]m
)
which, by the properties of the stretching map E, satisfies
conditions i), ii) and iii) of Lemma 7.15, and which is a concordance between W ′ and
a new element W ′′ in ψd(N, k)
(
[−1, 1]m
)
such that for each λ in [−ǫ, ǫ]m the fiber W ′′λ
agrees with Rk ×M in t−11
(
(a1− δ, a1+ δ)
)
. Finally, by the way we constructed the two
concordances Ŵ and W˜ , we have that the concordance obtained by concatenating Ŵ
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and W˜ satisfies all the claims listed in the statement of this lemma.
Let us now explain how to define the map e : [0, 1]×Rk → [0, 1]×Rk which is going to
be used in the definition of the stretching map E. For simplicity, a will be the origin in
R
k, δ′ = 2, and δ = 1. Let A denote the product R× [−2, 2]k−1, and let
c : Rk → intA
be a piecewise linear homeomorphism which is the identity when restricted on R ×
[−1, 1]k−1 and which commutes with the projection onto the first component of R ×
[−1, 1]k−1. Let
D : [0, 1]× R× [−3, 3]k−1 → [0, 1]× R× [−3, 3]k−1
be a piecewise linear homeomorphism which commutes with the projection onto [0, 1]×R,
which is the identity when restricted on {0}×R× [−3, 3]k−1 and [0, 1]×
(
R− (−2, 2)
)
×
[−3, 3]k−1, and such that
(1, x1, x2, . . . , xk) 7→ (1, x1,
x2
2
, . . . ,
xk
2
)
if x1 ∈ [−1, 1] and if (x2, . . . , xk) ∈ [−2, 2]k−1. The composition
e := (Id[0,1] × c)
−1 ◦D|[0,1]×intA ◦ (Id[0,1] × c)
is then an open piecewise linear embedding [0, 1]×Rk → [0, 1]×Rk which commutes with
the projection onto [0, 1] and with the projection onto the first factor of Rk, which is the
identity on {0}×Rk and [0, 1]×
(
R−(−2, 2)
)
×Rk−1, and which maps {1}×(−1, 1)×Rk−1
onto {1} × (−1, 1)k.
Let us finally explain how to define the stretching map
E : [0, 1]× [−1, 1]m × Rk × (0, 1)N−k → [0, 1]× [−1, 1]m × Rk × (0, 1)N−k.
Let E′ be the open piecewise linear embedding from [0, 1] × [−1, 1]m × Rk × (0, 1)N−k
to itself which is equal to the composite
q−1 ◦
(
Id[−1,1]m × e× Id(0,1)N−k
)
◦ q,
where q is the map defined on [0, 1]× [−1, 1]m×Rk × (0, 1)N−k which just flips the first
two components. Let φ : R→ [0, 1] be the piecewise linear function defined by
φ(t) =


1 if t ∈ [−ǫ, ǫ],
0 if t ∈ R− [−ǫ′, ǫ′],
t−ǫ′
ǫ−ǫ′ if t ∈ [ǫ, ǫ
′],
t+ǫ′
ǫ′−ǫ if t ∈ [−ǫ
′,−ǫ]
and let us denote by |·| : [−1, 1]m → [0, 1] the pl map which sends (x1, . . . , xm) to
max{|x1| , . . . , |xm|}. Finally, let
c : [0, 1]× [−1, 1]m → [0, 1]× [−1, 1]m
be the map defined by
(t, λ) 7→
(
p
(
t, φ(|λ|)
)
, λ
)
,
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where p : [0, 1]× [0, 1]→ [0, 1] is the piecewise linear product introduced in Remark 6.12.
The map c is piecewise linear by Proposition 2.18. Moreover, by Proposition 3.8 we can
pull back the map E′ along c to obtain a new open piecewise linear embedding
E : [0, 1]× [−1, 1]m × Rk × (0, 1)N−k → [0, 1]× [−1, 1]m × Rk × (0, 1)N−k
by setting
E(t, λ, x) =
(
t, λ, E′c(t,λ)(x)
)
.
By construction, the map E agrees with E′ on [0, 1] × [−ǫ, ǫ]m × Rk × (0, 1)N−k and
agrees with the identity map on {0} × [−1, 1]m × Rk × (0, 1)N−k, [0, 1] ×
(
[−1, 1]m −
[−ǫ′, ǫ′]m) × Rk × (0, 1)N−k and [0, 1] × [−1, 1]m ×
(
R − (−2, 2)
)
× Rk−1 × (0, 1)N−k.
Therefore, we have that the map E satisfies all the claims listed in the proof of this
lemma.
Lemma 7.17. Let x1 : [0, 1] × (0, 1)
N−1 → [0, 1] be the projection onto the first com-
ponent of [0, 1] × (0, 1)N−1, and let C ⊆ [0, 1] × (0, 1)N−1 be a d-dimensional compact
piecewise linear submanifold with boundary such that
M := ∂C ⊆ x−11 (0), C ∩ x
−1
1 (1) = ∅
Then, there is a 1-simplex W of ψd(N, 1)• with the following properties:
1. W0 = R×M ,
2. W 1
2
=
(
(−∞, 0]×M
)
∪ C, and
3. W1 = ∅.
Proof. Let M˜ denote the closed subpolyhedron of R× (0, 1)N−1 obtained by taking the
union
(
(−∞, 0]×M
)
∪ C. Observe that the product
[0, 1]× M˜ ⊆ [0, 1]× R× (0, 1)N−1
is a 1-simplex of ψd(N, 1)•. Let e : [0, 1] × R → [0, 1] × R be an open piecewise linear
embedding which satisfies the following:
. e commutes with the projection onto [0, 1].
. e 1
2
is the identity IdR.
. e0(R) = (−1, 0).
. e1(R) = (1, 2).
If E : [0, 1]×R× (0, 1)N−1 → [0, 1]×R× (0, 1)N−1 is equal to the product e× Id(0,1)N−1,
then by Lemma 3.29 we have that the pre-image W := E−1([0, 1] × M˜) is also a 1-
simplex of ψd(N, 1)•. By the way we chose the embedding e, we have that W satisfies
all the three properties given in the statement of this lemma.
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Lemma 7.18. Let W ⊆ Rk × (0, 1)N−k be a 0-simplex of ψ∅d(N, k)•, let a ∈ R
k be
a regular value of the projection xk : W → Rk in the sense of Definition 2.24, and
let M := x−1k (a). Then, there is a (d − k + 1)-dimensional compact piecewise linear
submanifold C ⊆ [0, 1]× (0, 1)N−k with boundary such that
∂C ⊆ {0} × (0, 1)N−k, C ∩
(
{1} × (0, 1)N−k
)
= ∅ (57)
and such that M = ∂C .
Proof. By assumption, there is a δ > 0 such that the restriction of xk : W → Rk on
x−1k
(
B(a, δ)
)
xk|
x
−1
k
(
B(a,δ)
) : x−1k (B(a, δ))→ B(a, δ) (58)
is a proper piecewise linear submersion of codimension d − k. We begin this proof by
showing that for any b ∈ B(a, δ) there is a D ∈ ψd−k(N−k, 0)
(
[0, 12 ]
)
such that D0 =M
and D 1
2
= M ′, where M ′ is the pre-image of b under xk : W → Rk. This is done by
pulling back (58) along any pl map that identifies [0, 12 ] with the straight line connecting
a and b. Then, D ⊆ [0, 12 ]× (0, 1)
N−k is pl homeomorphic over [0, 12 ] to [0,
1
2 ]×M .
Since ψd(N, k)• is a Kan simplicial set and sinceW ∈ ψ
∅
d(N, k)0, we can find a 1-simplex
W˜ ′ of ψd(N, k)• such that W˜
′
0 = W and W˜
′
1 = ∅. Furthermore, we can assume that
there is 0 < ǫ < 1 such that
W˜ ′t =W, for all t ∈ [0, ǫ]. (59)
Let −W˜ ′ ⊆ [−1, 0] × Rk × (0, 1)N−k be the element in ψd(N, k)
(
[−1, 0]
)
obtained by
multiplying the first coordinate of each point in W˜ ′ by −1, and let W˜ ⊆ [−1, 1]× Rk ×
(0, 1)N−k be the element of ψd(N, k)
(
[−1, 1]
)
obtained by gluing W˜ ′ and −W˜ ′ along
W˜ ′0. Observe that the projection π : W˜ → [−1, 1] is a piecewise linear submersion
of codimension d and that W˜ is a piecewise linear manifold without boundary since
π−1
(
{−1, 1}
)
= ∅. By applying Theorem 2.25, we can find a regular value b in intB(a, δ)
for the projection xk : W˜ → Rk. Also, by Proposition 2.26 we have that the pre-image
of b under xk : W˜ → Rk is going to be a (d + 1 − k)-dimensional closed (compact and
without boundary) piecewise linear submanifold C˜ of W˜ . After identifying [−1, 1] ×
{b}× (0, 1)N−k with [−1, 1]× (0, 1)N−k, we have that C˜ is also a closed piecewise linear
submanifold of [−1, 1] × (0, 1)N−k which doesn’t intersect the bottom and top face of
this product, and by (59) we have that
C˜ ∩
(
(−ǫ, ǫ)× (0, 1)N−k
)
= (−ǫ, ǫ)×M ′,
where M ′ denotes the pre-image of b under xk : W → Rk. It follows then that the
intersection
C′ := C˜ ∩
(
[0, 1]× (0, 1)N−k
)
is a piecewise linear manifold with boundary ∂C′ equal toM ′. Without loss of generality,
we can assume that C′ is contained in [ 12 , 1]×(0, 1)
N−k. Finally, if D ⊆ [0, 12 ]×(0, 1)
N−k
is the trivial cobordism from M to M ′ defined at the beginning of this proof, then the
union
C := D ∪ C′
is a (d−k+1)-dimensional compact piecewise linear manifold in [0, 1]× (0, 1)N−k which
satisfies the desired properties.
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As mentioned earlier, the following lemma is the key construction we are going to use
in the proof of Lemma 7.14.
Lemma 7.19. Let W ∈ ψ∅d(N, k)
(
[−1, 1]m
)
, a = (a1, . . . , ak) ∈ Rk, δ′ > 0, and Md−k
be as in the statement of Lemma 7.15. Then, for any 0 < ǫ < 1 there exists a W˜ in
ψd(N, k)
(
[0, 1]× [−1, 1]m
)
with the following properties:
i) W˜ satisfies conditions i), ii) and iii) of Lemma 7.15.
ii) If W ′ := i∗1W˜ , then
W ′λ ∩
(
{a1} × R
N−1
)
= ∅.
for each λ in [−ǫ, ǫ]m.
Proof. Choose values ǫ′, δ and δ′′ such that 0 < ǫ < ǫ′ < 1 and 0 < δ < δ′′ < δ′. We can
assume by Lemma 7.16 that
Wλ ∩ t
−1
1
(
(a1 − δ
′′, a1 + δ
′′)
)
= (a1 − δ
′′, a1 + δ
′′)× Rk ×M
for every point λ in [−ǫ′, ǫ′]m. Moreover, by Lemma 7.18 there is a (d−k+1)-dimensional
compact piecewise linear submanifold C ⊆ [0, 1] × (0, 1)N−k with boundary such that
M = ∂C and
∂C ⊆ {0} × (0, 1)N−k, C ∩
(
{1} × (0, 1)N−k
)
= ∅.
Let C˜ be the vertex of ψd−k+1(N − k + 1, 1)• which agrees with the product R ×M
in t−11
(
(−∞, 0]
)
and which agrees with the cobordism C in t−11
(
[0,∞)
)
. Using 7.17, we
can find a 1-simplex D˜ of ψd−k+1(N − k + 1, 1)• such that
D˜0 = R×M, D˜ 1
2
= C˜, D˜1 = ∅.
Since k ≥ 2, we have that each fiber Wλ of W → [−1, 1]m is allowed to be non-
compact in at least two directions, one of them being x1. The point of this proof
is to use the concordance D˜ to push the slice Wλ ∩ t
−1
1 (a1) to −∞ in the direction
xk for each λ ∈ [−ǫ, ǫ]m, but without changing any of the fibers Wλ in the region
t−11
(
R− [a1 − δ′, a1 + δ′]
)
. This is done as follows: let D′′ denote the product
D˜ ×
(
[−ǫ′, ǫ′]m × R
)
× Rk−2,
and let D′ be the image of D′′ under the map
[0, 1]× R× (0, 1)N−k ×
(
[−ǫ′, ǫ′]m × R
)
× Rk−2

[0, 1]×
(
[−ǫ′, ǫ′]m × R
)
× Rk−2 × R× (0, 1)N−k
which just permutes the factors. After identifying Rk−2 × R with Rk−1, we have that
D′ is a closed subpolyhedron of
[0, 1]×
(
[−ǫ′, ǫ′]m × R
)
× Rk−1 × (0, 1)N−k,
and that the natural projectionD′ → [0, 1]×[−ǫ′, ǫ′]m×R is a piecewise linear submersion
of codimension d− 1, i.e., D′ is an element of
ψd−1(N − 1, k − 1)
(
[0, 1]× [−ǫ′, ǫ′]m × R
)
.
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Studying closely the construction of D′, we see that this element is a concordance be-
tween (
[−ǫ′, ǫ′]m × R
)
× Rk−1 ×M
and the empty manifold ∅ such that at time t = 12 we have
D′1
2
=
(
[−ǫ′, ǫ′]m × R
)
× Rk−2 × C˜.
Let now ǫ˜ > 0 and δ˜ > 0 be positive values such that ǫ < ǫ˜ < ǫ′ and δ < δ˜ < δ′′. Using
Proposition 3.3, we are going to pull back the concordance D′ along a suitable piecewise
linear map
[0, 1]× [−ǫ′, ǫ′]m × R −→ [0, 1]× [−ǫ′, ǫ′]m × R
in order to obtain a new concordance D in ψd−1(N − 1, k − 1)
(
[0, 1] × [−ǫ′, ǫ′]m × R
)
which satisfies the following properties:
· At time t = 0, the concordance is equal to
(
[−ǫ′, ǫ′]m × R
)
× Rk−1 ×M .
· Dλ = D′λ for each λ in [0, 1]× [−ǫ, ǫ]
m × [a1 − δ, a1 + δ].
· D agrees with the constant concordance
(
[0, 1]× [−ǫ′, ǫ′]m ×R
)
×Rk−1 ×M over
[0, 1]× [−ǫ′, ǫ′]m ×
(
R− [a1 − δ˜, a1 + δ˜]
)
and over
[0, 1]×
(
[−ǫ′, ǫ′]m − [−ǫ˜, ǫ˜]m
)
× R.
Before we give the construction of D, let us indicate how to conclude this proof assuming
the existence of this concordance. The composition of the submersion D → [0, 1] ×
[−ǫ′, ǫ′]m×R and the natural projection [0, 1]× [−ǫ′, ǫ′]×R→ [0, 1]× [−ǫ′, ǫ′]m onto the
first two components of [0, 1]× [−ǫ′, ǫ′]×R is a submersion of codimension d. Therefore,
D can also be viewed as an element of
ψd(N, k)
(
[0, 1]× [−ǫ′, ǫ′]m
)
,
and as an element of this set it satisfies the following properties (here we are going to
use the notation introduced in Definition 3.26):
i) D agrees with [0, 1]×W in
Ψd
(
t−11
(
(a1 − δ
′′, a1 + δ
′′)− [a1 − δ˜, a1 + δ˜]
))(
[0, 1]× [−ǫ′, ǫ′]m
)
ii) D agrees with [0, 1]×W in
Ψd
(
t−11
(
(a1 − δ
′′, a1 + δ
′′)
))(
[0, 1]× ([−ǫ′, ǫ′]m − [−ǫ˜, ǫ˜]m)
)
iii) For each point (1, λ) in {1} × [−ǫ, ǫ]m we have that
D(1,λ) ∩
(
{a1} × R
N−1
)
= ∅.
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By i) and Proposition 3.27, there is an element D̂ in
ψd(N, k)
(
[0, 1]× [−ǫ′, ǫ′]m
)
which agrees with D in
t−11
(
(a1 − δ
′′, a1 + δ
′′)
)
and with [0, 1]×W[−ǫ′,ǫ′]m in
t−11
(
R− [a1 − δ˜, a1 + δ˜]
)
.
Furthermore, by ii) we have that D̂ can be extended to an element Ŵ in
ψd(N, k)
(
[0, 1]× [−1, 1]m
)
which agrees with [0, 1]×W over [0, 1]×
(
[−1, 1]m− [−ǫ˜, ǫ˜]m
)
. Finally, by condition iii)
we have for each point (1, λ) in {1} × [−ǫ, ǫ]m that
Ŵ(1,λ) ∩
(
{a1} × R
N−1
)
= ∅.
This concludes the proof of this lemma assuming the existence of the concordance D.
It remains to explain how to obtain the concordance
D ∈ ψd−1(N − 1, k − 1)
(
[0, 1]× [−ǫ′, ǫ′]m × R
)
from the concordance D′. Let then φ1 : R → [0, 1] and φ2 : [−ǫ′, ǫ′]m → [0, 1] be
piecewise linear functions such that:
· φ1 is constantly equal to 1 on [a1 − δ, a1 + δ] and constantly equal to 0 on R −
(a1 − δ˜, a1 + δ˜).
· φ2 is constantly equal to 1 on [−ǫ, ǫ]m and constantly equal to 0 on [−ǫ′, ǫ′]m −
(−ǫ˜, ǫ˜)m.
Also, let | · | : [−ǫ′, ǫ′]m → R be the pl function which is defined by (x1, . . . , xm) 7→
max{|x1|, . . . , |xm|}, and let p : [0, 1] × [0, 1] → [0, 1] be the piecewise linear product
introduced in Remark 6.12. Using φ1, φ2, | · | and p, we define two pl maps f, g :
[0, 1]× [−ǫ′, ǫ′]m × R→ [0, 1]× [−ǫ′, ǫ′]m × R as follows:
f(t, λ, s) =
(
p
(
φ1(s), t
)
, λ, s
)
, g(t, λ, s) =
(
p
(
φ2(|λ|), t
)
, λ, s
)
.
Then, by applying Proposition 3.3 to pull back the concordance D′ along the map f ◦ g,
we produce the concordance D in ψd−1(N − 1, k − 1)
(
[0, 1] × [−ǫ′, ǫ′]m × R
)
with the
desired properties.
Proof of Lemma 7.14. By an argument completely analogous to the one used to
prove Lemma 6.9, we can show that there is an element
W˜ ∈ ψ∅d(N, k)
(
[0, 1]×M
)
and a finite collection of pairs of pl m-balls (V1, U1), . . . , (Vq, Uq) in intM which satisfy
the following conditions:
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i) W˜ agrees with [0, 1]×W in t−11
(
(−∞, β]
)
.
ii) Uj ⊆ intVj for j = 1, . . . , q and the collection {intUj}
q
j=1 is a finite open cover for
P .
iii) W˜ is a concordance between W and an element W ′ of ψ∅d(N, k)(M) such that for
each j = 1, . . . , q the projection
xk :W
′
Vj
→ Rk
has a fiberwise regular value aj = (aj1, . . . , a
j
k) (see Definition 5.2) with a
j
1 > β.
Let π : W ′ → M be the projection onto M . From iii), we have that there is a δ > 0
such that for each j = 1, . . . , q the restriction of (π, xk) on
(π, xk)
−1
(
Vj ×B(a
j , 2δ)
)
is a piecewise linear submersion of codimension d−k. After possibly perturbing the aj ’s
and shrinking δ > 0, we can assume that all the intervals [aj1 − 2δ, a
j
1 + 2δ] are pairwise
disjoint and that aj − 2δ > β for j = 1, . . . , q.
Finally, since all the intervals [aj1−2δ, a
j
1+2δ] are pairwise disjoint, we can apply Lemma
7.19 to define inductively an element
Ŵ ∈ ψ∅d(N, k)
(
[0, 1]×M
)
which agrees with [0, 1]×W ′ in t−11
(
(−∞, β]
)
, and which is a concordance between W ′
and an element W ′′ in ψ∅d(N, k)
(
M
)
such that
W ′′λ ∩
(
{aj1} × R
N−1
)
= ∅
for each j = 1, . . . , q and for each λ ∈ Uj . The concordance obtained by concatenating
W˜ and Ŵ , and the open cover {intUj}
q
j=1 satisfy then all the claims of Lemma 7.14.
7.5 Proof of the main theorem
As it was indicated in §7.2, the next step in the proof of Theorem 7.2 is to show that
the scanning map S is homotopic to the composite given in (50)
|ψd(N, k)•|
h1→ Ω ‖Nψd(N, k)•,•‖ → Ω|ψ
0
d(N, k + 1)•| → Ω|ψ
∅
d(N, k + 1)•|.
In order to show that these maps are homotopic, we are going to show instead that the
adjoint T : [−1, 1]× |ψd(N, k)•| → |ψd(N, k + 1)•| of the scanning map is homotopic to
the adjoint of the map (50). The adjoint
g : [−1, 1]× |ψd(N, k)•| → |ψ
∅
d(N, k + 1)•|
of (50) is equal to the composite
[−1, 1]× |ψd(N, k)•|
g1
→ ‖Nψd(N, k)•,•‖
f
→ |ψ0d(N, k + 1)•|
i
→֒ |ψ∅d(N, k + 1)•|,
where g1 is the adjoint of h1 (see equations (54) and (53)), f is the forgetful map
introduced in §7.2, and i is the inclusion from |ψ0d(N, k + 1)•| into |ψ
∅
d(N, k + 1)•|.
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Using the definition of the map g1 given in (54), it is easy to verify that for each
(t, x) ∈ [−1, 1]× |ψd(N, k)•| we have
g(t, x) = T
(
φ(t), x
)
,
where φ : [−1, 1]→ [−1, 1] is the continuous function defined by
φ(t) =


−1 if t ∈ [−1, 0],
4t− 1 if t ∈ [0, 1/4],
0 if t ∈ [1/4, 3/4],
4t− 3 if t ∈ [3/4, 1].
If F : [0, 1]× [−1, 1]→ [−1, 1] is any homotopy between φ and Id[−1,1] which is fixed on
−1 and 1, then the map
H : [0, 1]× [−1, 1]× |ψd(N, k)•| → |ψd(N, k + 1)•|
defined by (s, t, x) 7→ T
(
F (s, t), x
)
is a homotopy between g and T which is fixed on
{−1, 1}× |ψd(N, k)•|. Consequently, the scanning map S is homotopic to the composite
map in (50). Moreover, since each map in (50) is a weak homotopy equivalence, we have
that the scanning map is also a weak homotopy equivalence, which concludes the proof
of Theorem 7.2.
Using Theorem 7.2, we can prove the following result by induction.
Theorem 7.20. If N − d ≥ 3, then the map S˜ : |ψd(N, 1)•| → Ω
N−1|Ψd(R
N )•| defined
in (45) is a weak homotopy equivalence.
We will now indicate how to obtain the main theorem of this article from theorems
5.1 and 7.20. Let iN denote the obvious inclusion |ψd(N, 1)•| →֒ |ψd(N + 1, 1)•|. By
Theorem 7.20, there is a weak homotopy equivalence
hocolim
N→∞
|ψd(N, 1)•|
≃
−→ Ω∞−1ΨPLd , (60)
where the homotopy colimit on the left hand side is the mapping telescope of the diagram
. . . −→ |ψd(N, 1)•|
iN−→ |ψd(N + 1, 1)•|
iN+1
−→ |ψd(N + 2, 1)•| −→ . . . . (61)
Since each map in this diagram is an inclusion of CW-complexes, we have that the nat-
ural map F : hocolimN→∞ |ψd(N, 1)•| → |ψd(∞, 1)•| is a weak homotopy equivalence.
Moreover, since both |ψd(∞, 1)•| and the mapping telescope of (61) are CW-complexes,
the map F has a homotopy inverse
|ψd(∞, 1)•|
≃
−→ hocolim
N→∞
|ψd(N, 1)•|. (62)
Finally, we obtain the main theorem of this article by combining (60), (62) and the
homotopy equivalence of Theorem 5.1.
Theorem 7.21. There is a weak homotopy equivalence
BCPLd
≃
−→ Ω∞−1ΨPLd .
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